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ABSTRACT
The th re e -d im e n s io n a l f lo w  f i e l d  c rea ted  by a s im p le  l in e  plume 
o f  f i n i t e  le n g th  in  a steady c u rre n t o f u n ifo rm  d e n s ity  was in v e s tig a te d  
in  a la b o ra to ry  b a s in . The r e s u lts  can be used to  a id  in  the p re d ic t io n  
o f  d is p e rs io n  o f buoyant waste w a te r re leased  from  l in e  d i f fu s e r s ,  
p a r t ic u la r ly  sewage d ischarges in to  the  ocean.
The e xpe rim e n ta l re s u lts  fo r  minimum su rfa ce  d i lu t io n ,  Sm, were
found to  be independent o f  L /H , in  the  range 3.7 < L/H < 30 where L is  
the  d i f fu s e r  le n g th  and H the w a te r dep th , and independent o f  Reynolds 
number, Re = 4uH/ν , in  the  range 1190 < Re < 12,900 where u is  the  
c u rre n t v e lo c i t y .  The re s u lts  a re  expressed g ra p h ic a l ly  in  the  form :
where q is  the volume f lu x  per u n i t  le n g th , and θ the  o r ie n ta t io n  o f the 
l in e  d i f fu s e r  to  the c u r re n t.  F is  a type o f Froude number de fin e d  by 
F = u3/b ,  where b is  the  buoyancy f lu x  per u n i t  le n g th . The i n i t i a l  
momentum f lu x  is  assumed to  be sm a ll.
For a c u r re n t p e rp e n d ic u la r  to  the  d i f f u s e r ,  and F  > 0 .2 , the 
e f f lu e n t  mixes over the re c e iv in g  w a te r depth due to  s e lf- in d u c e d  
tu rb u le n c e . When the d i f fu s e r  is  o f f i n i t e  le n g th , the  d i lu te d  e f f lu e n t  
separa tes from  the bottom  a t  some p o in t  downstream and forms a tw o - la y e r 
f lo w . However, c u rre n ts  p a r a l le l  to  the  d i f fu s e r  do n o t produce m ix in g  
over the dep th , and the f lo w  forms a tw o - la y e r  system im m ed ia te ly , 
even fo r  Froude numbers as h ig h  as 100.
VFor F < 0 .1 , d i lu t io n  is  independent o f  c u r re n t speed and d ir e c t io n .  
For F  > 0 .1 , d i lu t io n s  when the  c u rre n t is  p e rp e n d ic u la r to  the d i f fu s e r  
are p ro p o r t io n a l to  the c u rre n t speed. For 0 .1  < F < 100 th is  d i lu t io n  
is  about 60% o f th a t  p re d ic te d  assuming u n ifo rm  m ix in g  o f the e f f lu e n t  
over the re c e iv in g  w a te r dep th . Th is  is  due to  the  development o f  a 
v e r t i c a l l y  s ta b le  d e n s ity  p r o f i le .  For F  > 0 .1 , a d i f fu s e r  p laced 
p e rp e n d ic u la r to  the c u rre n t w i l l  r e s u lt  in  g re a te r d i lu t io n s  than i f  
p a r a l le l .  The r a t io  o f minimum su rfa ce  d i lu t io n  when the c u rre n t is  
p e rp e n d ic u la r to  th a t  when the c u rre n t is  p a r a l le l  in c reases  w ith  F, 
and is  equal to  about 4 a t  F = 100.
H o r iz o n ta l spread ing  o f  the waste f ie l d  is  governed by buoyancy 
fo rce s  ra th e r  than ambient tu rb u le n c e . For F ≥ 1 the i n i t i a l  su rfa ce  
plume spread ing  is  found to  be l in e a r ,  and independent o f  L/H  and Re 
fo r  3.7 < L/H < 15, and 2,900 < Re < 13,000. Beyond th is  i n i t i a l  
l in e a r  sp read ing  zone the ra te  o f plume growth decreases. I t  is  
specu la ted  th a t  regimes may e x is t  where the su rfa ce  w id th  grows as the 
2/3 o r 1/5 power o f downstream d is ta n c e ; the re s u lts  are no t adequate 
to  c o n firm  these growth law s. I t  is  b e lie v e d  th a t  ambient tu rb u le n ce  
has no s ig n i f ic a n t  e f fe c t  on d i lu t in g  the waste w ith in  se ve ra l d i f fu s e r  
le n g th s  from  the source.
The re s u lts  have been presented in  a manner which makes them 
im m ed ia te ly  a p p lic a b le  fo r  im prov ing  o u t f a l l  des igns , and dem onstrates 
the e r ro r  f re q u e n t ly  made in  assuming tw o-d im ens iona l f lo w  f ie ld s .  This 
assumption is  in c o r re c t  even i f  the  d i f fu s e r  le n g th  is  an o rd e r o f 
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g'm g (ρr - ρm) / ρo
h Thickness o f su rfa ce  la y e r
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H Water depth
K1 th rough  K10,  K1T E xperim enta l cons tan ts
ℓ  Average p o r t  spacing f o r  m u lt ip o r t  d i f f u s e r ,  L /n
ℓm Length sca le  fo r  which momentum f lu x  o f  l in e  j e t
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L D if fu s e r  le n g th
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us E ntra inm ent v e lo c i t y  due to  m ix in g  induced by 
ambient tu rb u le n ce
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w W idth o f  su rfa ce  waste f i e l d
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wb W idth o f  s u rfa ce  waste f i e l d  due to  buoyant spread ing
wo W idth o f su rfa ce  waste f i e l d ,  b L /u 3
wt Measure o f  su rfa ce  waste f i e l d  w id th  due to  h o r iz o n ta l tu rb u le n t  d i f fu s io n
w Basin w id th
x ,  y ,  z C oord ina tes (F ig u re  2 .1 )
Xa Length o f  zone o f low er boundary attachm ent 
(F ig u re  3 .1 )
Xm D is tance  from  source fo r  v e r t i c a l  m ix in g  o f  su rfa ce  
waste f i e l d  due to  ambient tu rb u le n ce  to  reach su rface
Xo O rig in  s h i f t
Xr E stim ate  o f d is ta n c e  from  source f o r  in t e r f a c ia l  
shear to  beg in  a f fe c t in g  su rfa ce  spread ing
x t E stim ate  o f  d is ta n c e  from  source f o r  ambient tu rb u le n ce  to  beg in  a f fe c t in g  h o r iz o n ta l spread ing
α Constant (Eq. 3 .44)
β Average d e n s ity  g ra d ie n t in  su rfa ce  la y e r  (Eq. 6 .22)
γ Lo/L  (Eq. 6 .41)
δ ,  Δ D iffe re n c e  o p e ra to r
ΔH D iffe re n c e  in  p e iz o m e tr ic  head between b as in  v e n tu r i 
m eter taps
Δw w -  L
ε E f fe c t iv e  v is c o s ity  c o e f f ic ie n t  (Eq. 3 .44)
εο λ L o4/3
εz H o r iz o n ta l d i f f u s io n  c o e f f ic ie n t  f o r  ambient 
tu rb u le n ce  (Eq. 6 .38)
ηt x t /L
θ Angle o f c u rre n t r e la t iv e  to  l in e  d i f fu s e r  
(F ig u re  2 .1 )
λ εzwt -4/3 (Eq. 6 .38)
Λ Length sca le  over which i n i t i a l  momentum f lu x  is  
im p o rta n t r e la t iv e  to  buoyancy f lu x  f o r  round 
j e t ,  Mo3 /4 /b o 1/2 
μ Dynamic v is c o s ity
ν K inem atic  v is c o s i t y ,  μ /ρο
ρ ,  ρo ,  ρr
Mass d e n s it ie s  o f m ix tu re , e f f lu e n t ,  and re c e iv in g  
w a te r, re s p e c t iv e ly
ρm Mass d e n s ity  a t p o in t  o f  minimum d i lu t io n
σ Constant (Eq. C11)
σT E xperim en ta l cons tan t (Eq. A .7)
τ Shear s tre s s
Φ Constant (Eq. C11)




Th is  re p o r t  desc rib es  experim ents which were perform ed to  
in v e s t ig a te  the d i lu t io n  and t ra n s p o r t  o f  buoyant waste w a te r d ischarged 
from  a s t r a ig h t  d i f f u s e r  o f  f i n i t e  le n g th  in to  a steady c u rre n t o f  u n i-  
form  d e n s ity  and l im ite d  dep th . Th is  s i tu a t io n  occurs in  the  d is p o s a l 
o f sewage and o th e r wastes in to  c o a s ta l oceans.
Modern p ra c t ic e  fo r  ocean sewage d is p o s a l c o n s is ts  o f some degree 
o f trea tm en t fo llo w e d  by d ischa rge  th rough a submarine o u t f a l l .  An 
o u t f a l l  is  a p ip e l in e  ex tend ing  some d is ta n c e  o ffs h o re  a long  the sea 
bottom . A t the end o f the  p ip e l in e  is  a s e c t io n  w ith  p o r ts  which d is ­
charge the  e f f lu e n t .  The le n g th  o f  th is  p e r fo ra te d  s e c t io n , known as 
the d i f f u s e r ,  is  o f te n  o f  the o rd e r o f  1000 m which is  much g re a te r than 
the  depth o f  submergence. The o u t f a l l  and tre a tm e n t p la n t  c o n s t itu te  a 
system fo r  wastew ater d is p o s a l which should be e ffe c te d  to  m a in ta in  
accep tab ly  sm a ll changes in  the re c e iv in g  w a te r and to  p ro te c t  p u b lic  
h e a lth .
Some o f  the  o b je c t iv e s  o f  waste w a te r d is p o s a l a re  expressed by the 
am bient w a te r q u a l i ty  s tandards w hich must be m a in ta ined  in  the  v i c i n i t y  
o f  the d isch a rg e . In  C a l i fo r n ia ,  fo r  example, the  S ta te  Water Resources 
C o n tro l Board s p e c if ie s  the requ irem en ts  to  be met by waste d is c h a rg e rs . 
One o f the requ irem en ts  is  th a t  the  i n i t i a l  d i lu t io n  achieved by the 
o u t f a l l  must exceed 100 fo r  a t  le a s t  50% o f the tim e and 80 fo r  a t le a s t  
90% o f the tim e . A ls o , s tandards a re  se t which l i m i t  the b a c te r ia l
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con te n t o f  sea w a te r a t  and near the  s h o re lin e . I t  is  d e s ira b le  to  f in d  
the most econom ical com bina tion  o f  tre a tm e n t and o u t f a l l  needed to  meet 
these and o th e r requ ire m en ts . Thus, knowledge is  re q u ire d  o f the 
mechanics o f d is p e rs io n  (d e fin e d  here as d i lu t io n  and tra n s p o r t)  o f  the 
waste w a te r in  the ocean.
D is p e rs io n  o f waste w a te r ,  and hence am bient w a te r q u a l i t y ,  a re  
complex fu n c t io n s  o f the  p h y s ic a l param eters in v o lv e d . The most im por­
ta n t  o f these are  the  d e n s ity  d if fe re n c e  between the waste and re c e iv in g  
w a te rs , the  speed and d ir e c t io n  o f  am bient c u r re n ts ,  the  d e n s ity  s t r a t i ­
f ic a t io n  and depth o f  the  re c e iv in g  w a te r, the  e f f lu e n t  d ischarge  ra te ,  
and the d i f fu s e r  le n g th . Knowledge o f the n a tu ra l d e n s ity  s t r a t i f i c a t i o n  
o fte n  p resen t in  the  ocean can be used to  design  d i f fu s e r s  w hich p reven t 
the e f f lu e n t  from  reach ing  the s u rfa c e . I f  the  sewage f i e l d  (the  
re s u lt in g  m ix tu re  o f sewage and sea w a te r) is  submerged, the  s ig h t  o f 
waste w ater on the su rfa ce  is  v i r t u a l l y  e lim in a te d , and the sewage f i e l d  
does no t touch the  s h o re lin e . A t c e r ta in  tim es o f the ye a r, however, 
p a r t ic u la r ly  in  w in te r ,  the s t r a t i f i c a t i o n  may be too weak to  m a in ta in  
a submerged f ie l d .  I f  the f ie ld  s u rfa c e s , i t  may be v is ib le  and can 
reach the shore, p o s s ib ly  v io la t in g  b a c te r ia l standards th e re . The most 
p robab le  tim e fo r  th is  to  occur is  when the buoyant spread ing  o f the 
su rfa ce  f ie l d  is  most ra p id .  Th is  occurs when the re c e iv in g  w a te r is  
o f u n ifo rm  d e n s ity .
Methods c u r re n t ly  used fo r  the  p re d ic t io n  o f d is p e rs io n  in  the case 
o f u n ifo rm  d e n s ity  re c e iv in g  w a te r s u f fe r  from  a number o f  d e fe c ts .
F i r s t ,  d i lu t io n  is  u s u a lly  es tim a ted  by use o f  the re s u lts  o f  s tu d ie s  on 
buoyant je t s  in  stagnan t re c e iv in g  w a te r. Th is  p re d ic t io n  may co n s id e ra b ly
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unde res tim a te  the a c tu a l d i lu t io n  w hich occurs in  a f lo w in g  c u r re n t.  
Second, subsequent d is p e rs io n  o f  the  waste f i e l d  is  u s u a lly  p re d ic te d  
as i f  i t  were p a s s iv e ly  d if fu s e d  by the  am bient tu rb u le n c e  o f the 
re c e iv in g  w a te r. Th is approach ig no res  the dynamic e f fe c t  o f  su rfa ce  
spread ing  due to  the buoyancy o f  the  waste f i e l d .  F u rtherm ore , p re v io u s  
exp e rim e n ta l and th e o r e t ic a l work has been m a in ly  concerned w ith  tw o- 
d im ens iona l f lo w s , th a t  is ,  d i f fu s e r s  o f  i n f i n i t e  le n g th . There is  
l i t t l e  in fo rm a tio n  a v a ila b le  e i th e r  on the th re e -d im e n s io n a l flo w s  th a t  
occur w ith  d i f fu s e r s  o f  f i n i t e  le n g th , o r on the  e f fe c ts  o f  v a ry in g  the 
am bient c u r re n t d i r e c t io n  and speed.
The o b je c t iv e s  o f th is  s tudy are to  in v e s t ig a te  the  near f i e l d  
d is p e rs io n  o f  buoyant waste w ater d ischarged  from  a l in e  source o f 
f i n i t e  le n g th  in to  a c u rre n t which has no d e n s ity  s t r a t i f i c a t i o n .  Th is 
near f ie l d  is  d e fin e d  as the re g io n  where the  e f f lu e n t  buoyancy a f fe c ts  
i t s  d is p e rs io n .
The m ajor p o r t io n  o f th is  s tudy c o n s is ts  o f  e xpe rim e n ta l in v e s t ig a ­
t io n s  o f the  f lo w  f i e l d  c rea ted  by a source o f buoyancy f lu x  o n ly . The 
source is  a submerged l in e  o f  f i n i t e  le n g th  and the  re c e iv in g  w a te r is  
o f  u n ifo rm  d e n s ity  and f i n i t e  depth f lo w in g  a t  an a r b i t r a r y  speed and 
d ir e c t io n .  The re s u lts  are a p p lic a b le  to  d i f fu s e r s  d is c h a rg in g  h ig h ly  
buoyant waste w a te r w ith  no ne t h o r iz o n ta l momentum f lu x  in to  deep w a te r. 
These are  p r im a r i ly  d ischarges o f e f f lu e n t  whose d e n s ity  is  c lose  to  th a t 
o f fre s h  w ater in to  sea w a te r. Sewage and in d u s t r ia l  waste d is p o s a l in to  
the c o a s ta l ocean are  examples. S p ec ia l cases o f the rm a l d ischarges may 
be in c lu d e d .
Th is  re p o r t  is  d iv id e d  in to  seven ch a p te rs . In  Chapter 2, p rev ious
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work is  rev iew ed. In  Chapter 3 the  problem  is  ana lyzed , in  Chapter 4 
the  e xpe rim e n ta l equipment and procedures are d e sc rib e d , and in  Chapter 
5 the  expe rim en ta l r e s u lts  a re  presented and d iscussed . An example o f  
a p p lic a t io n  o f the  r e s u lts  to  ocean o u t f a l l  d is p e rs io n  p re d ic t io n  and 
comparisons o f the re s u lts  w ith  model and f i e l d  s tu d ie s  are  g iven  in  
Chapter 6. A lso in  Chapter 6 the e f fe c t  o f ambient tu rb u le n ce  and the 
behav io r o f the  waste f i e l d  a t la rg e  d is ta n ce s  from  the  source are 
d iscussed . F in a l ly ,  a summary and the co n c lus ions  o f  th is  s tudy are 
presented in  Chapter 7.
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CHAPTER 2
REVIEW OF PREVIOUS STUDIES
2.1 In tro d u c t io n
The problem  under c o n s id e ra t io n  is  shown in  F igu re  2 .1 . A d i f f u s e r  
o f  le n g th  L , s itu a te d  in  w a te r o f  depth H, is  o r ie n te d  a t an ang le  θ 
to  a c u rre n t o f u n ifo rm  d e n s ity  ρr , f lo w in g  a t a steady speed u.
The d i f f u s e r  d ischarges buoyant e f f lu e n t  w ith  zero n e t h o r iz o n ta l 
momentum f lu x .  The problem  is  to  p re d ic t  the  d is p e rs io n  o f the waste 
w a te r .
The d is p e rs io n  o f e f f lu e n t  has o fte n  been cons ide red  to  c o n s is t  o f 
s e v e ra l d is t in c t  phases. Koh and Brooks (1975), fo r  example, assume 
th re e  phases. F i r s t ,  they cons ide r an i n i t i a l  d i lu t io n  zone in  which the 
e f fe c t  o f  the  ambient c u r re n t is  n e g le c te d . Here, the  e f f lu e n t  r is e s ,  en­
t r a in in g  and m ix in g  w ith  the  re c e iv in g  w a te r as a r e s u lt  o f  s e lf- in d u c e d  
tu rb u le n c e . The second phase c o n s is ts  o f  the  e s ta b lish m e n t o f  the  su rfa ce  
f i e l d  and i t s  buoyant spread ing  in  the  v i c i n i t y  o f the  d i f f u s e r .  The f in a l  
t h i r d  phase is  assumed to  be d yn a m ica lly  pass ive  d i f fu s io n  o f  the  su rfa ce  
f i e l d  by oceanic tu rb u le n c e . A lthough  th is  c la s s i f ic a t io n  is  somewhat 
a r b i t r a r y ,  inasmuch as the processes can occur s im u lta n e o u s ly , i t  is  
h e lp fu l fo r  d is c u s s in g  the dominant phenomena.
In  th is  chap te r p rev io us  s tu d ie s  are  rev iew ed. A c la s s i f ic a t io n  
scheme, is  m a in ta ined  fo r  the  d i f f e r e n t  phases o f  d is p e rs io n . In  
S ec tion  2.2 i n i t i a l  d i lu t io n  is  cons ide red . The tw o-d im ens iona l 
f lo w  f ie l d  in  a s tagnan t re c e iv in g  f l u i d  is  d iscussed in  S ec tion  2 .3 . 
P a r t ic u la r  a t te n t io n  is  g iven  to  the  su rfa ce  t r a n s i t io n  zone and the
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F igu re  2 .1  D e f in i t io n  diagram
- 7 -
fo rm a tio n  and unsteady buoyant spread ing  o f  the  su rfa ce  la y e r .
A ttem pts to  extend these and o th e r r e s u lts  to  p re d ic t io n  o f  su rfa ce  
spread ing  in  the  th re e -d im e n s io n a l steady f lo w  case a re  review ed 
in  S ec tion  2 .4 . In  S ec tion  2 .5 , the  re v ie w  w i l l  be summarized 
and the o b je c t iv e s  o f the  p resen t s tudy o u t l in e d .
2 .2  I n i t i a l  D i lu t io n  Region
D if fu s e rs  o f te n  c o n s is t o f  round p ipes w ith  h o r iz o n ta l ly  opposed 
p o rts  a long each s id e . The e f f lu e n t  is  e je c te d  as round tu rb u le n t  je ts  
from  these p o r ts  and, be ing  le s s  dense than the  re c e iv in g  w a te r, r is e s  
towards the s u rfa c e . In  a s tagnan t re c e iv in g  f l u i d ,  the  column o f 
e f f lu e n t  becomes d i lu te d  due to  en tra inm en t and grows in  s iz e  as i t  
r is e s .  Depending on the p o r t  spac ing , e x i t  v e lo c i t y ,  and w ater 
dep th , the  in d iv id u a l je t s  may merge to g e th e r b e fo re  reach ing  the 
s u rfa c e . The re s u lt in g  su rfa ce  d i lu t io n  is  u s u a lly  named the 
i n i t i a l  d i lu t io n .
E a rly  a ttem pts  a t p re d ic t in g  the i n i t i a l  d i lu t io n  used the 
r e s u lts  o f experim ents on s in g le  round buoyant je t s  is s u in g  h o r i ­
z o n ta l ly  in to  a s tagnan t f l u i d .  S ince the f i r s t  sys tem a tic  e x p e r i­
ments on th is  phenomenon by Rawn and Palmer (1930) many o th e r 
th e o r e t ic a l and expe rim e n ta l s tu d ie s  have been p u b lis h e d . Many 
o f these are  summarized in  Appendix B.
The f lo w  above a l in e  d i f fu s e r  in  a s tagnan t medium in  which 
m erging o f  the in d iv id u a l je t s  has occurred  was considered by 
Pearson (1956). He specu la ted  th a t  the  f lo w  would be s im ila r  to  
d ischa rge  from  a s lo t .  He a lso  p o in te d  ou t th a t  the d i lu t io n
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p a tte rn  w i l l  approach th a t  due to  the co n ve c tive  f lo w  developed 
above a l in e  heat source . Th is  f lo w  is  known as a pure plume, 
whose o n ly  source c h a r a c te r is t ic  is  the buoyancy f lu x  per u n i t  
le n g th , b . For a l in e  d i f f u s e r ,  b is  d e fin e d  as:
(2 .1 )
where Δρ is  the d if fe re n c e  in  d e n s ity ,  ρ r -  ρo , between the re c e iv in g  
w a te r and e f f lu e n t .  ρr  and ρo are  the d e n s it ie s  o f the re c e iv in g  
w ater and e f f lu e n t ,  r e s p e c t iv e ly ,  g is  the a c c e le ra t io n  due to  
g ra v ity  and q is  the volume f lu x  o f e f f lu e n t  per u n i t  d i f fu s e r  
le n g th .
By app rox im a ting  the  f lo w  as a l in e  plume, Pearson ob ta ined
an es tim a te  fo r  d i lu t io n  on the c e n te r lin e  (the  minimum d i lu t io n
Sm) fo r  la rg e  h e ig h ts  o f r is e .  He used the re s u lts  o f experim ents m
on tw o-d im ens iona l plumes ob ta ined  by Rouse, Y ih  and Humphreys 
(1952). Using more re ce n t expe rim e n ta l data  from  K o tsov inos (1975), 
the re la t io n s h ip  can be w r i t te n  (Appendix B, Eq. 45) as:
(2 .2 )
where y is  the h e ig h t above the o u t f a l l ,  f o r  y la rg e .
The asym p to tic  r e la t io n s h ip  fo r  d i lu t io n ,  Eq. 2 .2 , was 
v e r i f ie d  by L is e th  (1970, 1976), who d id  expe rim e n ta l work on 
m erging round buoyant je ts  from  a row o f p o rts  in  a l in e
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d i f f u s e r .  D i lu t io n s  fo r  h e ig h ts  o f  r is e  such th a t  the je t s  have 
no t f u l l y  merged to  a l in e  plume can be es tim ated  from  F igu re  5, 
Appendix B.
The e f fe c t  o f a c u r re n t f lo w in g  p e rp e n d ic u la r to  a l in e  
d i f fu s e r  o f  i n f i n i t e  le n g th  has been considered by s e v e ra l a u th o rs . 
Pearson (1956) specu la ted  th a t  d i f f e r e n t  f lo w  regimes would e x is t  
depending on the  r e la t iv e  s tre n g th  o f the  ocean c u r re n t ,  as shown 
in  F igu re  2 .2 . Pearson attem pted to  p re d ic t  d i lu t io n  fo r  the case 
where the e f f lu e n t  supposedly remains a ttached  to  the  ocean f lo o r  
by a p p ly in g  the  re s u lts  o f an a n a ly s is  by Rouse (1947). Rouse 
considered  the d is p e rs a l o f  heat is s u in g  from  a l in e  source o f 
i n f i n i t e  le n g th  a t ground le v e l p e rp e n d ic u la r  to  a moving a i r  
stream  o f  u n lim ite d  dep th . From a th e o r e t ic a l and exp e rim e n ta l 
s tu d y , Rouse ob ta ined  an e s tim a te  fo r  the lo c a l d e n s ity  d if fe re n c e ,  
Δρ, a s :
Here, x and y are the h o r iz o n ta l and v e r t i c a l  d is ta n ce s  from  the 
source , u is  the  am bient f lo w  v e lo c i t y ,  and F is  a type  o f  Froude 
number d e fin e d  by
(2 .3 )
(2 .4 )
where b is  d e fin e d  by Eq. 2 .1 .
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F igu re  2 .2  Schematic re p re s e n ta t io n  ( a f t e r  Pearson (1956)) o f p o s s ib le  
d is p e rs io n  p a tte rn s  from a d i f fu s e r  in  a p e rp e n d ic u la r 
c u rre n t o f v a ry in g  v e lo c i t y ,  V ( a r b i t r a r y  u n i ts ,  n o t s c a le d ).
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The experim ents o f  Cederw all (1971) dem onstrated the  occurrence 
o f  the  f lo w  regim es p re d ic te d  by Pearson and a ls o  a d d it io n a l 
regimes due to  the presence o f a fre e  s u rfa c e . C ederw all p e r­
formed experim ents on buoyant s lo t  je t s  is s u in g  p e rp e n d ic u la r to  
a f lo w in g  f lu i d  o f  f i n i t e  dep th . H is source spanned the w id th  o f 
a flum e so th a t  the  f lo w  was tw o -d im en s iona l. For je t s  w ith  
n e g l ig ib le  i n i t i a l  momentum f lu x ,  Cederw all found th a t  the f lo w  
cou ld  take  one o f  th re e  forms depending on the  va lue  o f F as 
d e fin e d  by Eq. 2 .4 . These f lo w  regim es a re  shown in  F ig u re  2 .3 .
For F < 0 .2 , F igu re  2 .3a , a plume r e s u lts ,  and the  su rfa ce  la y e r  
spreads up and downstream from  the  source. Th is  is  denoted as 
the  plume reg im e. For F g re a te r  than about 0 .2 , F ig u re  2 .3b , 
the  plume cannot e n tra in  a l l  the  oncoming f lo w  w h ile  m a in ta in in g  
the  plume f lo w . The plume breaks up and remains a ttached  to  the 
low er boundary. Th is  is  the  case th a t  Pearson specu la ted  would 
e x is t  f o r  s tro n g  c u r re n ts .  Cederw all described  th is  regim e as 
fo rce d  en tra in m e n t. F in a l ly ,  when F becomes g re a te r than about 1, 
F igu re  2 .3c, the upstream wedge is  e x p e lle d .
An e f fe c t  o f  the  su rfa ce  la y e r  is  to  r e s t r i c t  en tra inm en t 
in to  the plume and hence to  reduce the su rfa ce  d i lu t io n .
Measurements o f  su rfa ce  d i lu t io n s  were made by B uh le r (1974).
Büh l e r ' s experim ents were s im ila r  to  C e d e rw a ll's  in  th a t  a source 
extended the  f u l l  w id th  o f a flum e and the re c e iv in g  w a te r was 
moving r e la t iv e  to  the d i f fu s e r  and was o f  f i n i t e  dep th . B u h le r,
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a) F < 0 .2 . Plume and upstream wedge.
b) 0 .2  < F < 1. Forced en tra inm en t and upstream wedge.
c) F  > 1. Forced e n tra in m e n t, no upstream  wedge.
F igu re  2.3 Flow regimes fo r  a plume o f i n f i n i t e  le n g th  in  a 
p e rp e n d ic u la r c u r re n t,  F = u 3/b .
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however, used a model m u lt ip o r t  d i f f u s e r  as h is  source , and found 
th a t  the  same f lo w  regimes observed by C ederw all (F ig u re  2 .3 ) 
e x is te d . B üh le r measured su rfa ce  d i lu t io n s  fo r  a wide range o f 
p o r t  spac ings, j e t  d e n s im e tr ic  Froude numbers, and am bient c u rre n t 
v e lo c i t ie s .  He found th a t  the minimum su rfa ce  d i lu t io n  was p r im a r i ly  
a fu n c t io n  o f  the  source buoyancy f lu x ,  the am bient c u r re n t v e lo c i t y ,  
and the re c e iv in g  w a ter dep th . The source momentum f lu x  and p o r t  
spacing o n ly  w eakly a f fe c te d  the  d i lu t io n .  By the  use o f d im ensiona l 
a n a ly s is ,  Büh le r expressed h is  re s u lts  in  the form :
B ü h le r 's  r e s u lts  are shown in  F igu re  2 .4 . For the plume regime 
(F < 0 .2 ) ,  the d i lu t io n  is  no t s t ro n g ly  a f fe c te d  by the  c u r re n t.  
For the  c o n d it io n  o f  fo rce d  en tra in m en t (F > 0 .2 ), however, the 
d i lu t io n  inc reases  r a p id ly  w ith  c u r re n t speed. For h igh  c u rre n t 
speeds, B ühler assumes an asym p to tic  s o lu t io n  co rrespond ing  to  
u n ifo rm  m ix in g  o f the  e f f lu e n t  over the re c e iv in g  w a te r dep th .
Sm is  then g iven  by:
B ü h le r 's  experim ents do n o t extend to  c u rre n ts  o f s u f f ic ie n t  
s tre n g th  to  c o n firm  Eq. 2 .6 , which is  p lo t te d  in  F igu re  2 .4 . 
S im ila r  experim ents on the rm a l d i f fu s e r s  in  s tro n g  c u rre n ts  have 




F igu re  2 .4  Measured minimum su rfa ce  d i lu t io n  o f  buoyant e f f lu e n t
d ischarged from  a m u lt ip o r t  d i f f u s e r  in to  a p e rp e n d ic u la r 
c u r re n t,  tw o -d im ens iona l f lo w  (from  Büh le r  (1 9 7 4 )).
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experim ents and those o f Büh le r  w i l l  be d iscussed fu r th e r  in  
Chapter 6 in  c o n ju n c tio n  w ith  the p resen t a n a ly s is .
E xperim en ta l da ta  on d i f fu s e r s  o f f i n i t e  le n g th  are  ve ry  
sca rce . A lthough  expe rim e n ta l s tu d ie s  o f  model the rm a l o u t f a l l s  
have been made, the  r e s u lts  a re  u s u a lly  n o t a p p lic a b le  to  sewage 
o u t f a l l s .  Th is  is  because the  source momentum and volume f lu x e s  
are r e la t iv e ly  la rg e .
T h ree -d im ens iona l d is p e rs io n  from  o u t f a l l  d i f fu s e r s  was 
considered by J ir k a  and Harleman (1973). They d id  no t a ttem pt 
to  ana lyze  the problem  fo r  a r b i t r a r y  c u rre n t c o n d it io n s . For the 
case o f  a s tro n g  c u r re n t,  however, they  proposed th a t  the su rfa ce  
d i lu t io n  can be p re d ic te d  by assuming u n ifo rm  m ix in g  o f the 
e f f lu e n t  over the  re c e iv in g  w a te r dep th , as d id  Büh le r . They 
gave th is  asym p to tic  s o lu t io n ,  ( c . f . Eq. 2 .6 ) ,  as:
(2 .7 )
where θ is  the  ang le  o f  the c u rre n t r e la t iv e  to  the d i f fu s e r  
(F ig u re  2 .1 ) .  The s o lu t io n  as θ tends to  zero is  presumably 
u n d e fin e d .
J ir k a  and Harleman perform ed bo th  two and th re e -d im e n s io n a l 
experim ents in  which su rfa ce  d i lu t io n s  were measured. The tw o- 
d im ens iona l experim ents w ith  a source hav ing  no ne t h o r iz o n ta l 
momentum were conducted w ith  a v e r t i c a l l y  is s u in g  s lo t  j e t .
I t  is  shown in  S ec tion  6.2 th a t  most o f  t h e i r  experim ents were 
conducted w ith  a la rg e  source momentum f lu x .  The th re e -d im e n s io n a l
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experim ents w ith  no ne t h o r iz o n ta l momentum were conducted w ith  
a d i f fu s e r  which had w id e ly  spaced je t s  w ith  la rg e  in d iv id u a l 
momentum f lu x e s .  Thus, these r e s u lts  have l im ite d  a p p l ic a b i l i t y  
to  the s i tu a t io n  considered here in  which the in d iv id u a l je t s  
merge and have n e g lig ib le  source momentum f lu x e s .  J ir k a  and 
Harleman o n ly  in v e s tig a te d  flow s  hav ing  Froude numbers le s s  than 
0 .2 . Th is corresponds to  the plume reg im e, F igu re  2 .3a . L ik e  
Büh le r ,  they found th a t  d i lu t io n s  were no t s tro n g ly  a f fe c te d  by 
the c u rre n t in  th is  reg im e. They found th a t  o r ie n ta t io n  o f the 
d i f fu s e r  p a r a l le l  to  the  c u rre n t re s u lte d  in  a re d u c tio n  o f 
d i lu t io n  compared to  a p e rp e n d ic u la r c u r re n t o f  a p p ro x im a te ly  20%. 
The re s u lts  o f  J ir k a  and Harleman w i l l  be considered fu r th e r  in  
Chapter 6.
2 .3  Two-Dimensional Flow F ie ld  in  a Stagnant R ece iv ing  F lu id
J ir k a  and Harleman considered the unsteady tw o-d im ens iona l 
f lo w  f ie l d  induced by a l in e  d i f f u s e r  in  a s tagnan t medium o f 
f i n i t e  dep th . The p o s tu la te d  f lo w  is  shown in  F igu re  2 .5 . J ir k a  
and Harleman assumed th is  f lo w  to  e x is t  in  the ce n te r p o r t io n  o f 
the d i f f u s e r .  They p o s tu la te d  th a t  th re e -d im e n s io n a l flo w s  cou ld  
be ana lyzed as a tw o -d im ens iona l f lo w  bounded by p a r a l le l  w a lls  
o f f i n i t e  le n g th  opening a t bo th  ends in to  a la rg e  re s e rv o ir .
Th is  approach is  p robab ly  reasonable  fo r  e s tim a tin g  d i lu t io n s  in  
s tagnan t w a te r, b u t n o t fo r  p re d ic t in g  the  su rfa ce  la y e r  e x te n t 
in  th re e  d im ensions.
The tw o-d im ens iona l f lo w  is  d iv id e d  in to  fo u r  re g io n s , as
F igu re  2 .5 . P o s tu la ted  tw o-d im ens iona l f lo w  f ie l d  induced a t c e n te r o f  d i f fu s e r  in  a 





shown in  F igu re  2 .5 . In  the su rfa ce  t r a n s i t io n  zone, the m otion 
o f the e f f lu e n t  becomes h o r iz o n ta l as the  f lo w  spreads la t e r a l l y  
due to  the fo rc e  o f g r a v ity .  For d i f fu s e rs  w ith  n e g lig ib le  
i n i t i a l  momentum f lu x ,  as considered h e re , J ir k a  and Harleman 
p re d ic te d  the  i n i t i a l  th ickn e ss  o f  the su rfa ce  la y e r ,  h1 , as:
(2 .8 )
Thus, h1 is  independent o f the  source buoyancy f lu x .
An im p o rta n t param eter fo r  tw o-d im ens iona l s t r a t i f i e d  flow s
is  a d e n s im e tr ic  Froude number, Fs , d e fin e d  as:
(2 .9 )
where u1 is  the mean h o r iz o n ta l v e lo c i t y  o f  the upper la y e r ,  and 
Δρ is  the  average d e n s ity  d if fe re n c e  between the upper and low er 
la y e rs .  J ir k a  and Harleman p re d ic te d  th a t  Fs = 2.63 fo r  the  f lo w  
im m ed ia te ly  a f te r  the su rfa ce  t r a n s i t io n .  Th is  va lue  o f Fs , be ing 
g re a te r than 1, means th a t  the  f lo w  is  s u p e r c r i t ic a l  and is  u n a ffe c te d  
by fa r  f i e l d  c o n d it io n s . The la y e r  th ickn e ss  w i l l  grow due 
to  tu rb u le n t  en tra in m e n t, and an in te r n a l h y d ra u lic  jump may occu r. 
Th is  f lo w , shown as re g io n  3 in  F igu re  2.5 has been analyzed by 
Koh (1971), Chu and V anva ri (1976), and o th e rs .
A f te r  the  su rfa ce  t r a n s i t io n  re g io n , the f lo w  becomes 
s u b c r i t ic a l  and is  c o n tro lle d  by c o n d it io n s  a t the advancing
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f r o n t .  Th is  is  the s t r a t i f i e d  c o u n te rf lo w  re g io n , in  which 
en tra inm en t is  no t s ig n i f ic a n t .  Koh and Fan (1970) analyzed the 
s im ila r  problem o f buoyant su rfa ce  spread ing  o f a con tinuous 
source , shown in  F ig u re  2 .6 .
F igu re  2.6 D e f in i t io n  ske tch  o f tw o -d im ens iona l 
su rfa ce  spread ing  problem  considered  
by Koh and Fan (1970).
When w, the le n g th  o f the su rfa ce  la y e r ,  is  sm a ll Koh and Fan 
found th a t  the  speed o f advance, uf  and the  th ic k n e s s , h a re  bo th  
c o n s ta n t, uf  was p re d ic te d  as:
(2 .10)
where b is  the  f lu x  o f buoyancy per u n i t  le n g th , and K1 is  a c o n s ta n t, 
equal to  one. For a submerged source , as shown in  F ig u re  2 .5 , Eq. 2.10 
should s t i l l  p re d ic t  u f , bu t the va lue  o f  K1 would be le s s  than u n i ty  due 
to  the c u rre n t induced in  the low er la y e r  by plume en tra inm en t which 
reduces the ra te  o f su rfa ce  sp read ing . The va lue  o f K1 can be ob ta ined  
from  the  experim ents on m u lt ip o r t  d i f fu s e r s  o f Büh le r  (1974). He found 
th a t  u f was m a in ly  dependent on b , and was o n ly  weakly in flu e n c e d  by the 
p o r t  spacing and j e t  e x i t  v e lo c i t ie s .  Roberts (1975) re p lo t te d  Büh le r 's  
da ta , and es tim ated  the  va lue  o f K1 to  be 0 .6 6 . The re s u lts  o f
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tw o-d im ens iona l experim ents perform ed as a p a r t  o f  the p resen t study 
(Appendix A) suggest th a t  K1 = 0 .68 .
The u n ifo rm ity  o f  the su rfa ce  la y e r  th ickn e ss  was observed by 
L is e th  (1970). He estim a ted  th is  th ickn e ss  to  be about 30% o f  
the w a te r dep th . Büh le r  (1974), however, es tim a ted  the  th ickn e ss  
as about 40% o f  the  w a te r dep th . The re s u lts  o f  the p resen t s tudy 
(Appendix A) suggest th a t  30% is  the more reasonab le  f ig u r e .
Koh and Fan p re d ic te d  th a t  when the le n g th  o f  the su rfa ce  
la y e r  becomes la rg e ,  in t e r f a c ia l  shear is  the dominant mechanism 
r e s is t in g  su rfa ce  sp read ing . They p re d ic te d  th a t  fo r  these 
c o n d it io n s :
where t  is  t im e . Th is  re la t io n s h ip  was confirm ed by the re s u lts  
o f the  p resen t s tudy  (Appendix A ) . The th ickn e ss  o f  the su rfa ce  
la y e r  is  no lo n g e r c o n s ta n t, b u t grows w ith  tim e .
2.4 Buoyant Surface Spreading in  Three-D im ensiona l Flow
Severa l au tho rs  have extended the a n a ly s is  o f  tw o-d im ens iona l 
unsteady su rfa ce  spread ing  in  o rde r to  p re d ic t  th re e -d im e n s io n a l 
spread ing  in  a steady c u r re n t.  These s tu d ie s  w i l l  be reviewed 
in  th is  s e c t io n .
Koh and Brooks (1975) es tim a ted  the development o f the  su rface  
f i e l d  fo r  a c u rre n t p a r a l le l  to  the  d i f f u s e r .  They assumed th a t 
the spread ing  can be approxim ated by a tim e-dependent re le a s e .
(2 .11 )
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By a p p ly in g  a G a lile a n  tra n s fo rm a tio n  and d im ens iona l a n a ly s is ,  
they ob ta ined  a r e s u l t  fo r  the  w id th  o f  the  f i e l d ,  w, as:
(2 .12 )
Here, x is  the d is ta n c e  a long the  d i f f u s e r ,  u is  the  c u rre n t 
speed, and an expe rim e n ta l c o n s ta n t. The f i e l d  is  th e re fo re  
p re d ic te d  to  grow l in e a r ly  w ith  d is ta n c e  downstream. From a few 
experim ents, Koh and Brooks found va lues o f between 1 and 1 .5 .
Comparison o f  Eqs. 2.10 and 2.12 shows th a t  K2 =  2K1 . The va lue
o f K1 was es tim a ted  as 0.68 in  the p rev io us  s e c t io n , hence is  
about 1 .36 . Koh and Brooks p re d ic te d  the th ickn e ss  o f the waste 
w a te r f i e l d  to  be about 30% o f  the w a te r dep th .
There have a p p a re n tly  been no ana lyses fo r  the  su rfa ce  
spread ing  ra te  fo r  the c o n d it io n  o f  low er boundary a ttachm ent,
F igu re  2 .3 c .
A t some p o in t  downstream, the  waste f ie l d  must form  a tw o - la y e r 
system (F ig u re  2 .7 ) i f  the d i f f u s e r  is  o f f i n i t e  le n g th . An a n a ly s is  o f 
the buoyant spread ing  ra te  in  th is  re g io n  was done by Larsen and Sorensen 
(1968). They neg lec ted  the  e f fe c t  o f in t e r f a c ia l  shear, and assumed a 
u n ifo rm ly  mixed su rfa ce  la y e r .  The v e lo c i t y  v e c to r  t r ia n g le  a t 
the su rfa ce  la y e r  f r o n t  (F igu re  2 .7 ) is  d e fin e d  by the  ambient 
c u r re n t v e lo c i t y ,  u ,  and a v e lo c i t y  u f . uf  is  the spread ing  





F igu re  2.7 D e f in i t io n  diagram fo r  buoyant spread ing  o f su rfa ce  waste f i e l d .
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A d d it io n a l equa tions are  p rov ided  by the  c o n se rva tio n  o f buoyancy 
f lu x :
(2 .1 5 )
and (2 .1 6 )
Larsen and Sorensen ob ta ined  the  s o lu t io n  to  Eqs. 2.13 th rough 2.16 as:
(2 .1 7 )
wo is  the  o r ig in a l  w id th  o f the e f f lu e n t  f i e l d ,  ob ta ined  by s e t t in g  
the  f r o n t  v e lo c i t y  a t  t h is  s e c t io n  equal to  the  am bient c u r re n t 
v e lo c i t y :
(2 .1 8 )
Eq. 2.18 is  n o t c o r re c t fo r  a r b i t r a r y  c o n d it io n s ,  hence Eq. 2.17 is  in -
c o r re c t ,  a ltho ugh  the asym p to tic  power law  r e la t io n s h ip  as x → ∞ , w  ∝ x2 /3 , 
is  t ru e  w ith in  the  l im i t s  o f  th e  assum ptions made. However, the 
assum ption o f Eq. 2.13 is  o n ly  v a l id  fo r  i n f i n i t e  re c e iv in g  w a ter 
dep ths. Th is  was shown by Benjamin (1968), who analyzed the tw o- 
d im ens iona l problem  fo r  a p e r fe c t  f l u i d  and expressed the  spread ing  
ra te  a s :




in  c o n tra s t to  Eq. 2 .13 . He found th a t  is  no t c o n s ta n t, b u t a 
fu n c t io n  o f the  r e la t iv e  th ickn e ss  o f the su rfa ce  la y e r  to  the  
w a ter dep th . Benjamin found th a t  inc reases  as the r e la t iv e  
la y e r  th ickn e ss  decreases. was p re d ic te d  to  va ry  from  1 / √2 to
√2 as h/H decreases from 0.5  to  0. Th is r e s u l t  suggests th a t  the 
su rfa ce  la y e r  would grow more r a p id ly  than the 2 /3  power law 
p re d ic te d  by Eq. 2 .17 .
Experim ents on the  su rfa ce  spread ing  o f a heated su rfa ce  
plume have been re p o rte d  by W eil and F isch e r (1974). They found 
th a t  the spread ing  ra te  fo llo w e d  a p p ro x im a te ly  the 2 /3  re la t io n s h ip  
p re d ic te d  by Eq. 2 .17 . The s c a t te r  in  t h e i r  d a ta , however, makes 
the  re s u lts  in c o n c lu s iv e . W e il and F isch e r a ls o  found th a t  the 
spread ing  ra te  was o n ly  w eakly a f fe c te d  by background tu rb u le n ce  
in  the  ambient f lo w .
An a lte r n a t iv e  approach to  p re d ic t in g  su rfa ce  spread ing  is  
g iven  by Bache (1976). He cons ide rs  the  su rfa ce  spread ing  to  be 
c h a ra c te r iz e d  by two momentum b lo cks  which move a p a rt as shown in  
F igu re  2 .8 .
F igu re  2.8 Schematic re p re s e n ta t io n  o f su rfa ce  spread ing 
due to  b lo c k  m otion  ( a f te r  Bache (1 9 7 6 )).
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The e f fe c t  o f background tu rb u le n ce  is  accounted fo r  by a cons tan t 
o u tf lo w  v e lo c i t y  from  the  b lo c k s . E n tra inm ent in to  the b locks  
due to  induced m ix in g  is  a lso  a llo w e d . By the  use o f volume 
and momentum c o n se rva tio n  e q u a tio n s , Bache was a b le  to  o b ta in  
es tim a tes  o f  the  su rfa ce  spread ing  ra te .  I f  th is  a n a ly s is  
were c o r re c t ,  the in d iv id u a l b locks  would su b d iv id e  aga in  in to  
two b lo c k s , and th is  s u b d iv is io n  should co n tin u e  in d e f in i t e ly .
As th is  is  n o t accounted fo r  in  th is  model, the a n a ly s is  o f Bache 
is  p h y s ic a l ly  unreasonable.
2.5 Summary and O b je c tive s  o f  P resent Study
There are few e xpe rim e n ta l data  a v a ila b le  in  c e r ta in  c r i t i c a l  
areas needed fo r  p re d ic t io n  o f d is p e rs io n  ( d i lu t io n  and t ra n s p o r t)  o f 
buoyant waste w ater d ischarged from  f i n i t e  le n g th  d i f fu s e r s .  There 
is  a la rg e  u n c e r ta in ty  as to  the ra te  o f buoyant spread ing  o f the 
su rfa ce  waste f ie l d .  A ls o , knowledge is  la c k in g  on the e f fe c ts  o f 
f i n i t e  d i f fu s e r  le n g th  and o f c u rre n t speed and d i r e c t io n .  Th is is  
p a r t ly  due to  the  co m p le x ity  o f  the  problem  re s u lt in g  from  the  la rg e  
number o f v a r ia b le s  in v o lv e d . A le n g th y  model te s t in g  program 
would be re q u ire d  to  cover a l l  cases o f  in te r e s t  in  ocean d isch a rg e .
A co n s id e ra b le  s im p l i f ic a t io n  can be made by co n s id e r in g  the 
re s u lts  o f  the experim ents o f Büh le r  (1974) and the sp e c u la tio n s  
o f Pearson (1956). Pearson suggested th a t  the  f lo w  above a 
d i f fu s e r  c o n s is t in g  o f  a row o f p o r ts  would approach th a t  due to  
a l in e  source o f buoyancy f lu x  o n ly .  Buh le r perform ed tw o-d im ens iona l
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experim ents on the d is p e rs io n  o f buoyant e f f lu e n t  d ischarged  from  
a submerged m u lt ip o r t  d i f f u s e r  in to  moving w a te r. H is r e s u lts  
v e r i f ie d  th a t  the  most im p o rta n t source param eter in  d e te rm in ing  
su rfa ce  d i lu t io n  and spread ing  was the source buoyancy f lu x .
The o b je c t iv e  o f th is  s tudy  is  to  in v e s t ig a te  e x p e rim e n ta lly  
the th re e -d im e n s io n a l f lo w  f i e l d  c rea ted  by a d i f f u s e r  o f f i n i t e  
le n g th  in  a cross f lo w . The d i f f u s e r  is  approxim ated by a source 
o f buoyancy f lu x  o n ly . The e f fe c ts  on d is p e rs io n  o f  v a ry in g  the 
w ater dep th , d i f fu s e r  le n g th , source s tre n g th , and c u rre n t speed 
and d ir e c t io n  w i l l  be s tu d ie d , and the  r e s u lts  compared w ith  
those from  o th e r model and f ie l d  s tu d ie s .
The re s u lts  o f  th is  s tudy w i l l  a id  in  the  design  o f o u t f a l ls  
in  c o a s ta l w a te rs . Furtherm ore , the  s tudy w i l l  he lp  in  o b ta in in g  
a more fundam ental unders tand ing  o f the mechanics o f  d is p e rs io n  
o f  buoyant d isch a rg e s , e s p e c ia lly  as re la te d  to  the  tw o -d im ens iona l 




3.1 In tro d u c t io n
Norm alized param eters fo r  exp ress ing  d i lu t io n  and e f f lu e n t  
c o n c e n tra tio n  are  ob ta ined  by d im ens iona l a n a ly s is .  The 
d im ens ion less param eters o f  the  problem  and hence the  m odeling laws 
are a ls o  d e rive d  by th is  a n a ly s is  which is  p resen ted in  S ec tion  3 .2 .
The asym p to tic  b eh av io r o f  d i lu t io n  as the Froude number (F )→ 0 is  a lso  
d e r iv e d . The fu n c t io n a l form  o f  the r e la t io n s h ip  between d i lu t io n  and 
the  independent v a r ia b le s  was in v e s tig a te d  e x p e r im e n ta lly . The re s u lts  
are g iven  in  Chapter 5.
C u rren t f lo w  p e rp e n d ic u la r  to  the  d i f fu s e r  is  cons idered  in  
S ec tion  3 .3 . P a r t ic u la r  a t te n t io n  is  g iven  to  s itu a t io n s  where F  ≥ 1. 
Th is is  the  case o f  low er boundary a ttachm en t, F igu re  2 .3 c . The le n g th  
o f  the zone o f low er boundary a ttachm ent and the i n i t i a l  su rfa ce  
spread ing  ra te  are es tim a te d . D e ta ils  o f  the m ix in g  process are a lso  
d iscussed . C u rren t f lo w  p a r a l le l  to  the  d i f fu s e r  is  cons idered in  
S ec tion  3 .4 , and an e s tim a te  ob ta ined  fo r  the i n i t i a l  su rfa ce  spread ing  
ra te .  F in a l ly ,  in  S ec tion  3.5 the buoyant su rfa ce  spread ing  ra te  
fo r  tw o - la y e r  f lo w  is  cons ide red .
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3.2  D im ensional A n a lys is
I t  is  assumed th a t  d e n s ity  changes in  the f lo w  f i e l d  are sm a ll 
compared w ith  the ab so lu te  d e n s ity ,  and a f fe c t  o n ly  the  g r a v ita t io n a l 
and n o t the in e r t ia  fo rce s  (th e  Boussinesq a ssu m p tio n ). The buoyant 
w e igh t a t  any p o in t in  the f lo w  f i e l d  is  g iven  by (ρr - ρ)g , where ρr  is  
the re c e iv in g  w a te r d e n s ity ,  ρ is  the lo c a l d e n s ity  and g the a c c e le ra - 
t io n  due to  g r a v ity .  S ince th is  buoyant w e igh t is  a dependent v a r ia b le ,  
we can w r i te :
(3 .2 )
S u b s t itu t io n  o f the d e f in i t io n  o f  buoyancy f lu x ,  Eq. 2 .1 , in to  Eq. 3.2 
g iv e s :
(3 .3 )
where ρr  is  e lim in a te d  as a dependent v a r ia b le  by use o f the Boussinesq 
assum ption. ρo is  the e f f lu e n t  d e n s ity ,  b the buoyancy f lu x  per u n i t  
d i f f u s e r  le n g th , and ν the  k in e m a tic  v is c o s i t y ,  assumed equal fo r  
e f f lu e n t  and re c e iv in g  w a te r. The re s t  o f the v a r ia b le s  in  Eq. 3 .1  are 
de fin ed  in  F igu re  2 .1 .
A d im ens iona l a n a ly s is  o f Eq. 3 .1 , in  w h ich o n ly  steady f lo w  is  
considered and tu rb u le n t  f lu c tu a t io n s  are  averaged o u t, g iv e s :
(3 .1 )
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The d i lu t io n ,  S, o f  a m ix tu re  o f  e f f lu e n t  and re c e iv in g  w a te r is  
d e fin e d  as the  re c ip ro c a l o f  the volume f r a c t io n  o f  e f f lu e n t  in  the 
m ix tu re . I t  is  shown in  Appendix C th a t  i f  the d e n s it ie s  o f the e f f lu e n t  
(ρo ) ,  re c e iv in g  w a te r (ρr ) ,  and m ix tu re  (ρ) v a ry  l in e a r ly  w ith  the 
c o n c e n tra tio n  o f  some sp e c ie s , fo r  example s a l t ,  con ta ined  in  each 
component, then S is  g iven  (by Eq. C9, Appendix C) as:
(3 .4 )
S u b s t itu t io n  o f Eq. 3.4 in to  Eq. 3 .3  and in v e rs io n  o f  the le f t -h a n d  
s id e  y ie ld s :
(3 .5 )
where F = u 3/b .  Thus, th e re  are  o n ly  two dynamic param eters needed to
d esc rib e  the system. These are  F, as o r ig in a l ly  found by Rouse, Eq. 2 .4 ,
1/3and a Reynolds number, b1 /3 H /v . When the Reynolds number is  la rg e  so th a t  
the f lo w  is  f u l l y  tu rb u le n t ,  the f lo w  p a t te rn  depends o n ly  on F. This 
Froude number describ es  the r e la t iv e  magnitudes o f  the fo rc e s  on the 
e f f lu e n t  due to  g ra v ity  and the am bient f lo w . Eq. 3.5 then becomes:
(3 .6 )
A t some p o in t  on the su rfa ce  the minimum d i lu t io n ,  Sm, occu rs . Th ism




The minimum su rfa ce  d i lu t io n  fo r  zero c u rre n t can be ob ta ined  
by p u t t in g  u = 0 in  Eq. 3 .1 . A ga in , x , y , and z are n o t v a r ia b le s ,  
and n e ith e r  is  θ, as u is  ze ro . Hence, by assuming the  plume to  be 
f u l l y  tu rb u le n t  so th a t  the e f fe c t  o f  k in e m a tic  v is c o s i t y  can be 
neg lec ted  enables us to  w r i te  Eq. 3 .1  as:
where ρm is  the  m ix tu re  d e n s ity  a t  the  lo c a t io n  o f the minimum d i lu t i o n . 
A d im ens iona l a n a ly s is  o f  Eq. 3 .8  y ie ld s :
(3 .9 )
For L/H > >  1, i t  would be expected th a t  the f lo w  would be a p p ro x im a te ly  
tw o -d im en s iona l, so L/H  drops ou t o f  Eq. 3 .9 , w h ich becomes:
(3 .10 )
where is  a cons tan t w hich must be eva lua ted  e x p e r im e n ta lly . S u b s titu ­
t io n  o f  the d e f in i t io n s  o f b and S from  Eqs. 2 .1  and 3 .4 , where S = Sm
when ρ = ρm, y ie ld s :
(3 .11 )
Eq. 3.11 can be w r i t te n  in  terms o f the  v a r ia b le s  o f Eq. 3.7 by 




Eq. 3.12 is  the  asym p to tic  s o lu t io n  to  Eq. 3.7 as F → 0, fo r  L/H  >> 1.
An e s tim a te  o f  the  va lue  o f  K4 can be ob ta ined  by assuming th a t  
the  e f f lu e n t  mixes l i k e  a plume up to  the bottom  o f  the  su rfa ce  la y e r ,  
and th a t  beyond th is  p o in t  no fu r th e r  d i lu t io n  o ccu rs . By re p la c in g  H 
w ith  H - h  in  Eq. 3.11 and comparing w ith  Eq. 2 .2 , the  va lue  o f K4 can be 
es tim ated  as:
The re s u lts  o f tw o -d im ens iona l experim ents (Appendix A, see a lso  
S ec tion  2 .3 ) show the  th ic k n e s s  o f th e  su rfa ce  la y e r  beyond the 
su rfa ce  t r a n s i t io n  zone b u t b e fo re  in t e r f a c ia l  shear becomes im p o rta n t 
to  be about 30% o f the  w a te r dep th . Eq. 3.13 then becomes:
Hence, Eq. 3 .11 becomes:
and Eq. 3.12 becomes:
(3 .15 )
(3 .16)
E f f lu e n t  c o n c e n tra tio n  is  d e fin e d  as the re c ip ro c a l o f  d i lu t io n .  




le f t -h a n d  s id e  o f  Eq. 3 .6 , th u s :
(3 .17 )
where C(=1/S ) is  the tim e-averaged c o n c e n tra t io n . C and S o f  the e f f lu e n t  
are bo th  equal to  1.
3.3 D isp e rs io n  fo r  C u rren t Flow P e rp e n d icu la r to  D if fu s e r  in  
Forced E n tra inm ent Regime
3 .3 .1  E x ten t o f Waste F ie ld
Flow regimes fo r  a d i f fu s e r  o f i n f i n i t e  le n g th  in  a
p e rp e n d ic u la r c u r re n t a re  shown in  F igu re  2 .3 . An example o f th is
type o f tw o -d im ens iona l f lo w  is  a d i f f u s e r  ex tend ing  the  f u l l  w id th
o f a r iv e r .  For F > 0 .2 , the  e f f lu e n t ,  which is  i n i t i a l l y  a ttached
to  the low er boundary, would be expected to  rem ain a tta ched  downstream.
In  c o n tra s t,  a d i f fu s e r  o f f i n i t e  le n g th  le s s  than the  o v e r a l l  w id th  o f
the f lo w  f i e l d  must produce a tw o -la ye re d  f lo w  a t some p o in t  downstream.
This is  due to  the la t e r a l  buoyant spread o f the waste f i e l d  and
accompanying movement o f the re c e iv in g  w ater beneath i t ,  as shown in
F igu re  3 .1 .
In  o rde r to  p re d ic t  the le n g th  o f the a ttached  re g io n , x a ,
i t  is  assumed th a t  the e f f lu e n t  is  u n ifo rm ly  mixed im m ed ia te ly  
over the  re c e iv in g  w ater dep th . (The e f f lu e n t  a c tu a l ly  
re q u ire s  a s h o rt d is ta n c e  to  reach the  s u rfa c e , and does no t 
q u ite  m ix u n ifo rm ly  over the  dep th . These p o in ts  w i l l  be d iscussed 
in  S ec tion  3 .3 .2 . )  A s o lu t io n  is  ob ta ined  by a p p ly in g  a G a lile a n  




F igu re  3 .1 . P o s tu la te d  d is p e rs io n  p a tte rn  fo r  F  > 1 , c u r re n t p e rp e n d ic u la r to  d i f f u s e r .
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tw o -d im ens iona l and develops a f te r  sudden removal o f  a b a r r ie r  
se p a ra tin g  two f lu id s  o f s l i g h t ly  d i f f e r in g  d e n s ity  and equal bu t 
f i n i t e  dep th . O 'B rie n  and Cherno (1932), us ing  a fo rc e  ba lance , 
ob ta ined  an e s tim a te  fo r  the  v e lo c i t y  o f advance o f  the upper and 




Δρ is  the d if fe re n c e  in  d e n s ity  o f  the two f lu id s ,  H is  the  w a te r depth
and u3 and u2 the upper and low er la y e r  v e lo c i t ie s .  They es tim ated
the va lue  o f K5 and K6 to  be 0 .5 , and the th ic k n e s s  o f the la y e rs  to  
be h a l f  the w a te r dep th . These re s u lts  are c o n s is te n t w ith  the  genera l
fo rm u la tio n  o f Benjam in, S e c tion  2 .4 . Turner (1973), however, s ta te s
th a t  in  the  presence o f  a f re e  s u rfa c e , the f lo w  becomes unsym m etrica l,
w ith  K5 = 0.47 and K6 = 0 .59 .
The ana logy o f  the lo c k  exchange f lo w  to  the  p resen t problem  is  
shown in  F igu re  3 .2 . The th ickn e ss  o f the  upper and low er la y e rs  are 
p re d ic te d  to  be h a l f  the w ater dep th . The v e lo c i t y ,  u3 , o f  the  low er 
la y e r  is  assumed to  be equal to  th e  v e lo c i t y  o f  the  u n d e rflo w  in  the 
lo c k  exchange f lo w . C o n s id e ra tio n  o f the  v e lo c i t y  v e c to r  t r ia n g le  





F igu re  3 .2  Lock exchange analogy fo r  i n i t i a l  d is p e rs io n , c u rre n t p e rp e n d ic u la r to  d i f f u s e r ,  F  ≥ 1 .
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and
The equa tion  fo r  co n se rva tio n  o f  buoyancy f lu x  i s :
(3 .21)
(3 .22 )
where Δρ is  the  d if fe re n c e  in  d e n s ity  between the two la y e rs .  The 
s o lu t io n  to  Eqs. 3 .18 , 3 .20 , and 3.21 is :
W ith K5 = 0 .4 7 , Eq. 3.23 becomes:
(3 .23 )
(3 .24 )
A s im ila r  a n a ly s is  fo r  the  su rfa ce  la y e r  y ie ld s :
(3 .27 )
(3 .25)
W ith  K6 = 0 .59 , Eq. 3.25 becomes: 
(3 .26)
where
An a lte rn a te  v e rs io n  o f  Eq. 3.26 is :
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where xo is  an o r ig in  s h i f t  g iven  by
(3 .2 8 )
The edges o f  the zone o f  low er boundary a ttachm ent and the  su rfa ce  
plume are  thus bo th  p re d ic te d  to  be s t r a ig h t ,  as shown in  F igu re  3 .2 .
3 .3 .2  M ix in g  Process
The downstream e v o lu t io n  o f  the v e r t i c a l  e f f lu e n t  concen tra ­
t io n  p r o f i le  on the plume c e n te r l in e  is  described  by Eq. 3 .17 , which 
becomes, w ith  θ = 90° and z /L  = 0:
The form  o f  th is  r e la t io n s h ip  v a r ie s  w ith  d is ta n c e  downstream due to  the 
e x is te n ce  o f  d i f f e r e n t  m ix in g  re g io n s , as shown in  F ig u re  3 .3 . These 
re g io n s , and the  form  o f  the  c o n c e n tra tio n  p r o f i le  in  each one, are 
d iscussed in  th is  s e c t io n .
Near the d i f f u s e r ,  buoyant elements o f  e f f lu e n t  r is e ,  and are 
c a r r ie d  h o r iz o n ta l ly  by the  am bient c u r re n t.  I t  is  assumed th a t th is  
m ix in g  process is  tw o -d im e n s io n a l. Hence, L is  no t a v a r ia b le  in  
Eq. 3 .29 , w hich becomes:
The process is  the  same as g r a v ita t io n a l d i f f u s io n  from  a boundary 
source in  a s e m i- in f in i t e  f lu i d , ana lyzed by Rouse (1947), and
(3 .29 )
(3 .3 0 )
F igu re  3.3 Schematic re p re s e n ta tio n  o f tim e-averaged c o n c e n tra tio n  p r o f i le s  on c e n te r lin e  o f d i f fu s e r  





d iscussed in  S e c tion  2 .2 . H is s o lu t io n ,  Eq. 2 .3 , can be w r i t te n  in  
the  n o ta t io n  o f Eq. 3.30 as:
E v e n tu a lly , some o f the buoyant f l u i d  elements reach the  fre e  s u r fa c e .
A s ta b le  d e n s ity  p r o f i le  then beg ins to  deve lop , damping fu r th e r  
buoyancy induced tu rb u le n t  c o n c e n tra tio n  f lu c tu a t io n s .  A t some p o in t 
downstream these f lu c tu a t io n s  w i l l  be com p le te ly  suppressed, and no
fu r th e r  m ix in g  due to  buoyancy occu rs . Thus, the  presence 
o f  the  f re e  su rfa ce  r e s u lts  in  confinem ent o f the m ix in g  re g io n  to  a 
f i n i t e  h o r iz o n ta l d is ta n c e , as shown in  F ig u re  3 .3 . A ga in , the 
assum ption o f  tw o-d im ens iona l m ix in g  re q u ire s  th a t  Eq. 3.30 must 
d esc rib e  the e v o lu t io n  o f  the  s ta b ly  deve lop ing  c o n c e n tra tio n  p r o f i le .
A t the  end o f the  m ix in g  re g io n  a s ta b le  d e n s ity ,  o r c o n c e n tra tio n , 
p r o f i le  has deve loped. Th is  p r o f i le  w i l l  n o t change shape downstream 
u n t i l  fu r th e r  m ix in g  due to  m o lecu la r d i f f u s io n  o r am bient tu rb u le n ce  
occu rs . Th is  p r o f i le  is  denoted as the e q u il ib r iu m  p r o f i le ,  and the 
re g io n  where i t  occurs as the  e q u il ib r iu m  re g io n . Thus, the  shape o f 




As d iscussed in  the p reced ing  s e c t io n , the waste f ie ld  must 
separa te  a t some p o in t  downstream when the d i f fu s e r  le n g th  is  le ss
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than the f lo w  w id th . A tw o - la y e r  re g io n  then form s, as shown in  
F igu re  3 .3 . The c o n c e n tra tio n  p r o f i le  is  then g iven  by the  o r ig in a l  
form  o f Eq. 3 .29 :
(3 .33)
The s ta b le  d e n s ity  p r o f i le  develops from  the fre e  su rfa ce  down­
wards. The su rfa ce  d i lu t io n  may thus reach i t s  l im i t in g  (minimum) 
va lue  w h ile  m ix in g  s t i l l  proceeds beneath i t .  I f  t h is  l im i t in g  d i lu t io n  
is  reached b e fo re  the f lo w  sepa ra tes , i t  would be expected to  equal 
th a t  measured in  tw o-d im ens iona l f lo w . The minimum c e n te r lin e  d i lu t io n  
fo r  th re e -d im e n s io n a l f lo w s , Sc , is  in  th is  case independent o f  L /H , 
as fo r  tw o -d im ens iona l f lo w s . Eq. 3 .7 , w ith  θ = 90°, then becomes:
(3 .34 )
Th is re la t io n s h ip  should be v a l id  fo r  a l l  F, w ith  L/H >> 1. In  the fo rced  
en tra inm en t reg im e, the o n ly  r e s t r ic t io n  is  th a t  the minimum su rface  
d i lu t io n  must occur in  a s h o r te r  d is ta n c e  than re q u ire d  fo r  the waste 
f ie l d  to  separa te  from  the bottom .
To summarize, the c o n c e n tra tio n  p r o f i le  on the plume c e n te r lin e  
fo r  th re e -d im e n s io n a l fo rce d  en tra inm en t f lo w  is  described  by se ve ra l 
d i f f e r e n t  re la t io n s h ip s .  F i r s t ,  near the source, Eq. 3.31 is  a p p lic a b le . 
When the presence o f  the fre e  su rfa ce  is  f e l t ,  Eq. 3.30 a p p lie s . F a rth e r 
downstream an e q u il ib r iu m  p r o f i le  may develop whose shape is  de fin e d  by 
Eq. 3 .32 . When th re e -d im e n s io n a l e f fe c ts ,  th a t  i s ,  f lo w  s e p a ra tio n ,
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o ccu r, Eq. 3.33 is  a p p lic a b le .  The fu n c t io n a l forms o f  these 
equa tions  were eva lua ted  e x p e r im e n ta lly . The r e s u lts  a re  presen ted 
in  S ec tion  5 .3 .4 .
By means o f a d im ens iona l a n a ly s is  s im ila r  to  th a t  le a d in g  up to  
Eq. 3.17 a r e la t io n s h ip  fo r  the  in te n s i t y  o f  the buoyancy-induced 
tu rb u le n t  c o n c e n tra tio n  f lu c tu a t io n s  can be d e r iv e d . By ana logy w ith  
Eq. 3 .17 , th is  re la t io n s h ip  can be w r i t te n :
(3 .3 5 )
Near the su rfa ce  on the  c e n te r l in e ,  and assuming tw o -d im ens iona l 
f lo w , Eq. 3.35 becomes:
(3 .36 )
By d iv id in g  Eq. 3.36 by Eq. 3 .30 , w ith  y /H  = 1 , we f in d :
(3 .37)
fo r  the  fo rce d  en tra inm en t reg im e.
3.4  I n i t i a l  Surface Spreading Rate When C u rren t Flow is  
P a ra l le l  to  D if fu s e r
I n i t i a l  spread ing  o f the  su rfa ce  f i e l d  is  p re d ic te d  by a p p ly in g  
a G a lile a n  tra n s fo rm a tio n  to  the  s o lu t io n  o f  the unsteady tw o-d im ens iona l 
buoyant su rfa ce  spread ing  problem . Th is  is  s im ila r  to  the approach o f 
Koh and Brooks (1975) d iscussed in  S ec tion  2 .4 , except th a t  the f r o n ta l
-4 2 -
v e lo c i t y  v e c to r  is  taken as be ing  p e rp e n d ic u la r to  the  f r o n t  ra th e r  
than p e rp e n d ic u la r to  the  c u rre n t d i r e c t io n  as they assumed.
The v e lo c i t y  v e c to r  t r ia n g le  is  shown in  F ig u re  3 .4 . The k in e m a tic
F igu re  3.4 D e f in i t io n  diagram  fo r  fo rm a tio n  o f 
su rfa ce  f ie l d  in  p a r a l le l  c u r re n t.
c o n d it io n  a t the  f r o n t  is  g iven  by:
(3 .38 )
I t  is  assumed th a t  u f  is  the same as the  i n i t i a l  tw o-d im ens iona l 
su rfa ce  spread ing  ra te  o f buoyant e f f lu e n t  d ischarged  from  a submerged 
l in e  source. As d iscussed in  S e c tion  2 .3 , th is  v e lo c i t y  i s  c o n s ta n t, 
and can be p re d ic te d  by Eq. 2 .10 , w ith  K1 = 0 .6 8 . S u b s t itu t io n  o f 
Eq. 2.10 in to  Eq. 3.38 y ie ld s :
(3 .3 9 )
and s u b s t itu t io n  o f the d e f in i t io n  o f  F, Eq. 2 .4 , in to  Eq. 3.39 g iv e s :
thus (3 .41 )
(3 .40 )
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The plume is  th e re fo re  p re d ic te d  to  grow l in e a r ly .  The t o t a l  in c lu d e d
ang le , θ, is  g iven  by Eq. 3 .41 . θ is  analogous to  the  Mach ang le  in
superson ic  f lo w , w ith  the  c h a r a c te r is t ic  v e lo c i t y  b1/3 analogous to
the speed o f sound. The w id th  o f the  f i e l d ,  wo , a t the end o f the
d i f f u s e r  is :
(3 .4 2 )
and the  w id th  o f  the  f ie l d  a t  any d is ta n c e  downstream, x , i s :
(3 .4 3 )
in  the  i n i t i a l  s tages .
3.5 Buoyant Surface Spreading Rate in  Two-Layer Flow
As d iscussed in  S ection  3 .3 .1  the wastew ater f i e l d  must always 
form  a su rfa ce  la y e r  a t some p o in t  downstream i f  the  d i f fu s e r  le n g th  is  
le s s  than the  w id th  o f the oncoming f lo w . The spread ing  ra te  o f th is  
su rfa ce  f lo w  is  considered in  th is  s e c t io n .
F i r s t ,  we co n s id e r a regime in  which the t o t a l  buoyancy, bL, is  
the  o n ly  im p o rta n t source param eter. I t  is  assumed th a t  i n i t i a l  d i lu t io n ,  
v a r ia t io n s  in  w a te r dep th , and in t e r f a c ia l  shear a re  u n im p o rta n t. Th is 
is  the  problem  analyzed by Larsen and Sorensen, d iscussed in  S ec tion  2 .4 . 
The c u rre n t v e lo c i t y ,  u , can be e lim in a te d  as an independent param eter 
by use o f the G a lile a n  tra n s fo rm a tio n  u = x / t ,  and assuming the  buoyant 
spread ing  v e lo c it y  to  be a fu n c t io n  o n ly  o f  bL and x , th u s :
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(3 .44 )
D im ensional a n a ly s is  o f Eq. 3.44 y ie ld s :
(3 .45 )
where K10 is  an expe rim e n ta l c o n s ta n t. The s o lu t io n  to  Eq. 3.45 can be 
w r i t t e n :
where
(3 .4 6 )
and xo is  a cons tan t o r ig in  s h i f t .  A t la rg e  d is ta n ce s  from  the source 
x /x o becomes la rg e ,  and Eq. 3.46 can be w r i t te n :
(3 .47 )
Eqs. 3.46 and 3.47 m igh t be expected to  app ly  beyond the re g io n  where the
d i f fu s e r  le n g th  is  im p o rta n t, i . e . ,  x /L  >> 1, and /o r beyond the zone o f
low er boundary a ttachm ent in  fo rce d  en tra inm en t f lo w , i . e . ,  x / L  >> F1/2
( c . f .  Eq. 3 .2 4 ) . The spread ing  ra te  in  th is  regim e is  governed by a
balance o f the  p ressure  fo rc e  caused by the  d e n s ity  d if fe re n c e  between
the upper and low er la y e rs  and in e r t ia  fo rc e .
I n te r f a c ia l  shear is  assumed to  be the o n ly  fo rc e  r e s is t in g  buoyant
spread ing  o f the su rfa ce  waste f i e l d  much fa r th e r  from  the  source . Th is
is  the assum ption made by Koh and Fan (1970) fo r  tw o-d im ens iona l f lo w
(see S ection  2 .3 ) .  The re s u lts  o f  t h e ir  a n a ly s is  p re d ic ts  the w id th  o f
the su rfa ce  la y e r  to  grow as t 4/5 where t  is  t im e . Th is  was v e r i f ie d
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by the re s u lts  o f  the  p resen t s tu d y , p resen ted in  Appendix A.
The fo llo w in g  a n a ly s is  is  an a d a p ta tio n  o f  t h e i r  approach, and is  
in tended  o n ly  to  deduce approxim ate s o lu t io n s .
We cons ide r f i r s t  the unsteady tw o -d im en s iona l problem  fo r  an 
ins tan tan eous  source . T h is  is  the  same as the problem  shown in  F igu re
2.6 w ith  zero in f lo w ,  th a t  is  q = 0. The fo rc e  d r iv in g  the  su rfa ce  
spread ing  is  a p ressure  d if fe re n c e  induced by the  d e n s ity  d if fe re n c e  
between the su rfa ce  la y e r  and am bient w a te r. For a u n ifo rm ly  mixed 
la y e r ,  th is  fo rc e  is :
where ρ and ρr are the  d e n s it ie s  o f  the  upper and low er la y e rs  and h the
su rfa ce  la y e r  th ic k n e s s . The r e s is t iv e  fo rc e  o f  shear is  τW/2, where τ  
is  the  average shear on the  in te r fa c e  across the  h a l f - w id th ,  and w is  
t o t a l  la y e r  w id th . I t  is  assumed th a t
(3 .48 )
where α is  a c o n s ta n t, and ε a co n s ta n t e f fe c t iv e  v is c o s ity  
c o e f f ic ie n t .  E quating the d r iv in g  and r e s is t iv e  fo rc e s , we o b ta in :
(3 .49)
In  th re e -d im e n s io n a l s te a d y -s ta te  f lo w , the  t o t a l  buoyancy f lu x  
c ro s s in g  any p lane norm al to  the c u rre n t d ir e c t io n  is  equal to  the source 
buoyancy f lu x ,  i . e . :
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(3 .50)




and Q is  the t o t a l  e f f lu e n t  volume f lu x .  The s o lu t io n  to  Eq. 3.52 is
(3 .53)
where wo is  the f i e l d  w id th  a t  t  = 0. To app ly  th is  r e s u l t  to  the th ree - 
d im ensiona l steady problem , we use the G a lile a n  tra n s fo rm a tio n , t  = x /u .  
Eq. 3 .53 then becomes:
(3 .54)
For la rg e  d is ta n ce s  downstream, w  >> wo , and Eq. 3.49 becomes:
By com bining Eqs. 3 .49 , 3 .50 , and 3 .51 , we f in d :
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(3 .55)
A ls o ,
(3 .56 )
by d e f in i t io n .  S u b s t itu t in g  Eqs. 3.52 and 3.53 in to  Eq. 3.51 y ie ld s :
(3 .59 )
On s u b s t itu t in g  the d e f in i t io n s  o f buoyancy f lu x ,  b from  Eq. 2 .1  and F 
from  Eq. 2 .4 , Eq. 3.54 becomes:
(3 .60 )
where
For c u r re n t f lo w  p e rp e n d ic u la r to  the d i f fu s e r  in  the fo rce d  
en tra inm en t regime (F ≥ 1, F igu re  2 .3 c ) ,  the average d i lu t io n  S_ is
g iven  by:
(3 .57)
a lso (3 .58 )
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Eq. 3.55 can be w r i t te n  as:
On s u b s t itu t io n  o f the d e f in i t io n s  o f  Reynolds number,
(3 .61 )
and dynamic v is c o s it y ,
Eq. 3.56 becomes:
(3 .62 )
The e f fe c t iv e  v is c o s ity  c o e f f ic ie n t  in  Eq. 3.48 may no t be c o n s ta n t.
In  tu rb u le n t  f lo w s , fo r  example, ε may be p ro p o r t io n a l to  h(dw/dt) o r some 
o th e r fu n c t io n .  D i f fe r e n t  assum ptions o f the n a tu re  o f ε lead to  
d i f f e r in g  exponents in  Eq. 3 .55 .
The buoyant su rfa ce  spread ing  ra te  downstream is  described  by 
se ve ra l d i f f e r e n t  growth law s. Th is  is  due to  changes w ith  d is ta n ce  
downstream bo th  o f  g eo m e trica l e f fe c ts  and dominant fo rc e s . Three 
regimes and growth laws are id e n t i f ie d  in  th is  c h a p te r; they are shown 
in  F igu re  3.5 fo r  F ≥ 1. Spreading in  the  f i r s t  two regimes is  governed 
by a balance o f the d r iv in g  p ressure  fo rc e  and the  re ta rd in g  in e r t ia  
fo rc e . Near to  the source the  d i f f u s e r  geometry is  im p o rta n t, r e s u lt in g
F igu re  3.5 Speculated regimes fo r  buoyant spread ing  o f su rface  waste f i e l d ,  F  ≥ 1. Δw = w - L ,  w is  





in  a l in e a r  growth ra te  which is  p re d ic te d  by Eqs. 3.43 o r 3.26 fo r  
c u r re n t d ire c t io n s  p a r a l le l  o r p e rp e n d ic u la r to  the  d i f f u s e r ,  respec­
t iv e ly .  F u rth e r from  the  source, i . e . ,  x /L  >> 1, the d i f fu s e r  geometry 
is  un im portan t and the  2 /3  power law , Eq. 3 .47 , may a p p ly . F in a l ly ,  
a t  g re a t d is tan ces  from the source the d r iv in g  p ressure  fo rc e  is  
balanced by in t e r f a c ia l  shear and the su rfa ce  la y e r  is  p re d ic te d  by 
Eq. 3.56 to  grow as the 1/5 power o f d is ta n c e  downstream. The 
t r a n s i t io n  d is ta n ce s  between the  d i f f e r e n t  regimes a re , in  ge n e ra l, 
fu n c t io n s  o f F, L /H , µ /ε ,  and Reynolds number. Because o f the  co m p le x ity  
o f the problem  due to  the  many v a r ia b le s  in v o lv e d , no a ttem pt w i l l  be 
made to  p re d ic t  these d is ta n c e s . I t  is  p o s s ib le  th a t  the  f i r s t  two 
regimes may no t e x is t  in  c e r ta in  cases, as in t e r f a c ia l  shear may be 
im p o rta n t near the source . Th is is  p roba b ly  so fo r  F < 1, in  w hich 
case an upstream wedge forms (F ig u re  2 .3 ) whose le n g th  and w id th  are  
dependent on in t e r f a c ia l  shear.
The aim o f the  a n a ly s is  o f  the  chap te r has been to  show th a t  many 
su rfa ce  spread ing  regimes can e x is t ,  causing  d i f f e r e n t  ra te s  o f growth 
o f the su rfa ce  waste f ie ld  downstream, bu t no t to  in v e s t ig a te  these 




4 .1  O b je c ti ves
The exp e rim e n ta l o b je c t iv e s  were to  in v e s t ig a te  the  f lo w  f ie l d  
c rea ted  by a l in e  plume o f f i n i t e  le n g th  in  a steady c u r re n t.  D imension­
le s s  param eters o f the  f lo w  were d e rive d  in  S ec tion  3 .2 . The most 
im p o rta n t o f  these are  a Froude number, F = u3/b ;  the  r a t io  o f  d i f fu s e r  
le n g th  to  w a te r dep th , L /H ; and the  a n g le , θ, o f  the  c u rre n t r e la t iv e  
to  the l in e  source (see F igu re  2 .1 ) .
The r e s u lts  are to  be used f o r  p re d ic t io n  o f  d is p e rs io n  o f  buoyant 
waste w a te r d ischarged  from  ocean o u t f a l ls  in  t h e ir  immediate v i c i n i t y .  
Hence, the  param eters were v a r ie d  over a range ty p ic a l  o f th is  s itu a t io n .  
C o n s id e ra tio n  o f  o u t f a l l s  suggested th is  range to  be: Froude numbers from  
0.01 to  100; L/H from  3.75 to  30; and θ from  0° to  90°. Nominal e x p e r i­
m enta l va lues were Froude numbers o f 0 .0 1 , 0 .1 , 1, 10, and 100; and L/H o f 
3 .75 , 7 .5 , 15, and 30. Most experim ents were conducted a t the  l im i t in g  
c u rre n t d ire c t io n s  o f  θ = 0° ( p a r a l le l )  and 90° (p e rp e n d ic u la r ) . A few 
experim ents were done a t θ = 45°.
4 .2  D e s c r ip tio n  o f  Apparatus
4 .2 .1  Basin
The experim ents were perform ed in  a re c ta n g u la r  re ­
c ir c u la t in g  b a s in , F ig u re  4 .1 , lo c a te d  in  the  W. M. K e c k  L a b o ra to rie s  




F igu re  4 .1  Schematic draw ing o f bas in  and d i f fu s e r .
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and is  described  in  Koh, e t a l .  (1974). The b as in  w a lls  c o n s is t o f 
concre te  b locks  m ortared onto the  concre te  la b o ra to ry  f lo o r .  A shaped 
p la s t ic  sheet p reven ts  any leakage . A p p ro x im a te ly  tw en ty  tons o f  
sand (median d iam ete r = 0 .8  mm) s i t s  on the  p la s t ic  shee t. The sand 
su rfa ce  was le v e le d  to  about ±1 mm o f the mean w ith  a h o r iz o n ta l 
g ra d e r. A r e c ir c u la t io n  system c o n s is t in g  o f  two pumps used s in g ly  
a llo w s  the s im u la tio n  o f a wide range o f c u r re n t speeds. Flow ra te s  
can be measured w ith  a v e n tu r i m eter fo r  d ischarges  above 0 .1  f t 3/s  
( 2 .8  x  10-3 m3/ s ) , and by a ro ta m e te r fo r  those below . The maximum 
d ischarge  ra te  was about 0 .8  f t 3/s  ( 2 .3  x  10-2  m3/ s ) .  The in ta k e  and 
d ischarge  o f the  r e c ir c u la t io n  system c o n s is ts  o f  f iv e  m a n ifo ld s  a t 
each end o f the b a s in . Each m a n ifo ld  has a t h r o t t l i n g  v a lv e  fo r  f lo w  
d is t r ib u t io n  c o n t ro l.  Im m edia te ly  in  f r o n t  o f  the  m a n ifo ld s  is  a 
c ra d le  c o n ta in in g  ru b b e rize d  h a ir  to  ensure even f lo w  d is t r ib u t io n .  
Photographs o f  v a r io u s  subcomponents are  shown in  F igu res  4 .2  through 
4 .5 .
Dust f a l lo u t  on the  b as in  re s u lte d  in  the accum ula tion  o f a su rface  
la y e r .  Th is la y e r  caused the w ater near the  su rfa ce  to  s tagna te  and 
a ffe c te d  the buoyant spread ing  o f the  waste f i e l d .  The problem  was 
so lved by means o f  th re e  swimming poo l skimmers a ttached  to  a common 
pump. The skimmers were s itu a te d  across the downstream end o f  the  b a s in . 
The a c t io n  o f w ith d ra w a l th rough the  skimmers caused them to  f lo a t  ju s t  
below the  w a te r su rfa ce  so th a t  o n ly  the  su rfa ce  la y e r  was pumped.
Th is  w a te r was c ir c u la te d  back to  the  downstream end o f  the  bas in  so 
th a t  the n e t b as in  f lo w  ra te  was u n a ffe c te d . The skimmers d id  an
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Figure 4 .2 . O ve ra ll view o f te s t basin .
F igure 4 .3 . Test ca rriage  and depth probe.
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Figure 4 .4 . P ip ing and valves fo r  c o n tro ll in g  flow  d ire c t io n  
and ra te . Pumps and v e n tu r i meter are out o f 
s ig h t in  the pump w e ll.
Figure 4 .5 . M anifo ld c o n tro l va lve  and rubberized h a ir  screen 
(extreme l e f t ) .
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e x c e lle n t  jo b  in  c le a n in g  the  w a te r s u rfa c e , and were u s u a lly  l e f t  
runn ing  d u r in g  the  course o f  the expe rim ents .
An in s tru m e n t c a rr ia g e  spans the w id th  o f the  b a s in . Th is  
c a r r ia g e , v is ib le  in  F igu res  4 .2  and 4 .3 , moves on r a i l s  mounted on 
the b as in  w a lls .  The c a rr ia g e  has r a i l s  a long i t s  le n g th  on which 
sm a lle r c a rr ia g e s  run t ra v e rs e ly .  One o f these c a rr ia g e s  is  shown in  
F igu re  4 .3 . Three were used to  support the c o n d u c t iv ity  probes.
4 .2 .2  D if fu s e r ,  E f f lu e n t ,  and In je c t io n  System
The d i f fu s e r  must produce a good app ro x im a tion  to  a l in e  
plume. Th is means th a t the r e la t iv e  source volume and momentum flu x e s  
be sm a ll, but th a t  the f lo w  be f u l l y  tu rb u le n t .  A s im ple  s lo t  was f i r s t  
cons ide red . I f  the volume f lu x  is  q per u n i t  le n g th , the s lo t  
Reynolds number is  q /ν , where ν is  the k in e m a tic  v is c o s i t y .  For 
tu rb u le n t f lo w  q /ν should be g re a te r than about 1000, o r q ≳ 10 cm2/s .  
For su rfa ce  d i lu t io n s  to  be u n a ffe c te d  by the i n i t i a l  volume and 
momentum f lu x e s ,  the r a t io s  q /b1 /3 H and m/b2 /3 H must both  be much le s s  
than one, where m and b are the momentum and buoyancy f lu x e s  per u n i t  
le n g th , and H is  the w a te r depth . For w a ter depths o f 8 cm and le s s ,  
i n i t i a l  d e n s ity  d if fe re n c e s ,  Δρ/ρo , g re a te r than 0 .2  are re q u ire d  to  
s a t is f y  the volume f lu x  and Reynolds number c o n s tra in ts .  D ens ity  
d iffe re n c e s  th is  la rg e  cannot be used fo r  the p resen t experim ents as 
the Boussinesq assum ption made in  the  a n a ly s is  o f  S ec tion  3.2 would be 
v io la te d .  Sm aller d e n s ity  d if fe re n c e s  must th e re fo re  be used and the
requ irem ents th a t q /ν > 103 and q /b1/3 H << 1 cannot be s im u lta n e o u s ly  
s a t is f ie d .  Hence, a s im p le  v e r t i c a l  s lo t  cannot be used fo r  these 
expe rim en ts .
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The problem  was so lved by d is c h a rg in g  an a p p ro x im a te ly  2% buoyant 
m ethanol s o lu t io n  th rough the d i f f u s e r  shown in  F ig u re  4 .6 . The 
d i f fu s e r  c o n s is ts  o f a box about 2 fe e t  (61 cm) long  w h ich s i t s  f lu s h  
w ith  the  b a s in  f lo o r .  In s id e  the box is  an e f f lu e n t  in je c to r  w h ich is  
fed  by th re e  hoses to  ensure u n ifo rm  f lo w  a long the  p ip e . The u n ifo rm ity  
is  fu r th e r  a ided by means o f an in te r n a l b a f f le .  The e f f lu e n t  escapes 
from  the  in je c to r  as a j e t  th rough  a 0.022 ± 0.001 in c h  (0 .56  ± 0.0025 
mm) s lo t  which is  2 fe e t  (61 cm) lo n g . The j e t  is  la m in a r (Reynolds 
number, q/ ν ≈  2 0 ), i t  s t r ik e s  one o f the  v e r t i c a l  box w a lls  and ascends 
due to  i t s  buoyancy. Th is  f lo w  is  u n s ta b le  and becomes tu rb u le n t  near 
to  the top edge o f  the  w a l l .  Beyond th is  p o in t ,  the  f lo w  becomes a fre e  
tu rb u le n t  plume.
The momentum and volume f lu x e s  o f the plume a t s e p a ra tio n  must be 
c a lc u la te d  and so are no t known e x a c t ly .  A ls o , the  tu rb u le n c e  is  p robab ly  
no t f u l l y  developed. For these reasons, a separa te  s e r ie s  o f  two-dim en­
s io n a l experim ents was perform ed. These experim ents are  d iscussed in  
Appendix A. The r e s u l t s ,  when compared w ith  those o f la rg e r  sca le  plume 
s tu d ie s , confirm ed the f lo w  to  be a c lo se  app ro x im a tion  to  a pure plume. 
The d if fe re n c e  in  d i lu t io n  compared to  th a t  o f a f u l l y  tu rb u le n t  pure 
plume is  le s s  than 20%. The r e s u lts  a lso  v e r i f ie d  th a t  the  p rim a ry  source 
param eter govern ing  the e f f lu e n t  su rfa ce  spread ing  ra te  is  the  buoyancy 
f lu x  per u n i t  le n g th .
The e f fe c t iv e  d i f fu s e r  le n g th  is  2 fe e t  (61 cm ). For some e x p e r i­
ments the  in je c to r  was taped a t  the  ends to  form  a 30.5 cm le n g th . A lso , 
a few experim ents were done w ith  a fa ls e  w a ll  a t one end o f  the  d i f f u s e r .  
The d i f fu s e r  was p e rp e n d ic u la r  to  the  c u rre n t, making an e f fe c t iv e
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F igu re  4.6 V e r t ic a l cross s e c tio n  through d i f f u s e r .
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d i f fu s e r  le n g th  o f  122 cm.
The e f f lu e n t  was a m ix tu re  o f w a te r, m ethanol, sodium c h lo r id e  and 
a sm a ll amount o f b lu e  dye fo r  f lo w  v is u a l iz a t io n .  The sodium c h lo r id e  
was a t ra c e r ;  d i lu t io n s  o f  the  o rd e r o f  s e ve ra l hundred to  one cou ld  be 
e a s i ly  measured w ith  c o n d u c t iv ity  probes. T y p ic a l r a t io s  o f e f f lu e n t  
c o n s t itu e n ts  were 11 l i t e r s  o f w a te r to  4 l i t e r s  m ethanol to  150 g o f 
s a l t .  The w a te r was cooled so th a t  the tem pera ture  r is e  due to  chem ica l 
re a c t io n s  between the m ethanol and w a te r re s u lte d  in  a m ix tu re  tempera­
tu re  o f  about 20°C. The t y p ic a l  s p e c i f ic  g r a v ity  o f  th is  m ix tu re  was 
0 .975 . D e n s it ie s  o f the  e f f lu e n t ,  ρo , and b a s in  w a te r, ρr , were 
measured to  fo u r  decim al p laces w ith  a Troemner Model S-100 s p e c if ic  
g r a v ity  ba lance . The ab so lu te  accuracy o f  these measurements was b e t te r  
than 1 /10%. However, the  e r ro r  in  com puting the d e n s ity  d if fe re n c e ,  
Δρ/ρο , was t y p ic a l ly  about ± 2%. Surface te n s io n  e f fe c ts  caused by the 
m ethanol were removed by the  a d d it io n  o f d e te rg e n t to  the  b a s in  w a te r; 
the  procedure is  described  in  S ec tion  4 .4 .
E f f lu e n t  was su p p lie d  to  the  d i f f u s e r  v ia  a cons tan t head tank  and 
m e te ring  system. A schem atic diagram  o f  the arrangement is  shown in  
F ig u re  4 .7 . The e f f lu e n t  was con ta ined  in  a la rg e  re s e rv o ir  and was 
kep t w e ll-m ix e d  by a m o to r-d r iv e n  padd le . The f lo w  ra te  was measured by
a F isch e r and P o rte r  p re c is io n  flow m ete r No. FP -1/4-37-G -6 ¾ /6 1 , 
L a b o ra to ry  Number Q-53. The flow m eter was c a l ib ra te d  w ith  e f f lu e n t  up 
to  i t s  maximum f lo w  ra te  o f 21 cm3/s .  The accuracy o f  the  f lo w  measure­
ments was about ± 1%. The e f f lu e n t ,  a f te r  pass ing  th rough  the  flow m e te r, 
en te red  a c y l in d r ic a l  chamber w ith  th re e  o u tf lo w s  w hich le d  d i r e c t ly  to  
the d i f f u s e r .
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F igu re  4.7 Schematic draw ing o f e f f lu e n t  supp ly and m ete ring  system.
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4 .2 .3  Pho tograph ic  Equipment
Overhead photographs o f the  f lo w  were taken w ith  a N ikon F 
camera equipped w ith  a 17 mm le n s . The wide ang le  o f  the  le ns  enabled 
a la rg e  f r a c t io n  o f the  b as in  to  be covered. The camera was equipped 
w ith  a m otor d r iv e  and cou ld  be tr ig g e re d  re m o te ly . L ig h t in g  was 
ob ta ined  by means o f se ve ra l synchron ized e le c tro n ic  fla s h e s  lo c a te d  
on each s id e  o f the  b a s in . The o r ig in a l  photographs were taken on c o lo r  
s l id e  f i lm .  Photographs con ta ined  in  th is  re p o r t  were made from  b la c k  
and w h ite  n e g a tive s  copied from  the  s lid e s .
4 .2 .4  D i lu t io n  Measurement System 
a. O v e ra ll system
D ilu t io n s  were computed from  measured changes in  
e le c t r ic a l  c o n d u c t iv ity  r e s u lt in g  from  v a r ia t io n s  in  sodium c h lo r id e  
c o n c e n tra tio n  due to  the m ix in g  o f  e f f lu e n t  and am bient w a te r.
Four c o n d u c t iv ity  probes were used s im u lta n e o u s ly . The probes 
were mounted on th re e  c a rr ia g e s  w h ich in  tu rn  were mounted on the 
main c a rr ia g e  t ra v e rs in g  the  b a s in . The c a rr ia g e s , s im ila r  to  th a t 
shown in  F igu re  4 .3 , were mounted on r a i l s  so th a t  tra v e rs e s  perpen­
d ic u la r  to  the  am bient c u r re n t cou ld  be o b ta in e d . Two o f the  probes 
were f ix e d  to g e th e r w ith  a h o r iz o n ta l se p a ra tio n  o f 3 cm. The v e r t i c a l  
spacing cou ld  be v a r ie d ,  bu t was f ix e d  fo r  any in d iv id u a l experim ent.
The purpose o f th is  was to  o b ta in  s im ultaneous samples a t two 
d i f f e r e n t  h e ig h ts .  A l l  o f the  probes cou ld  be moved v e r t i c a l l y  by 
means o f rem o te ly  c o n tro lle d  Selsyn m otors. Thus, each probe cou ld
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be moved in  a l l  th re e  c o o rd in a te  d ir e c t io n s .  A ske tch  o f  the  probe 
arrangement is  shown in  F igu re  4 .8 . In  g e n e ra l, the two s o l i t a r y  
probes were no t moved v e r t i c a l l y ,  bu t were kep t ju s t  submerged to  
o b ta in  h o r iz o n ta l tra v e rs e s  near the  s u rfa c e . The o th e r two probes were 
u s u a lly  kep t on the plume c e n te r l in e  and moved to  o b ta in  v e r t i c a l  
t ra v e rs e s .
Each c o n d u c t iv ity  probe forms p a r t  o f  a Wheatstone b r id g e  c i r c u i t .  
The o th e r elements o f the b r id g e  a re  housed in s id e  a grounded b r id g e  
box. E x c ita t io n  o f  the  b r id g e  c i r c u i t  was p ro v id e d  by a p r e a m p lif ie r -  
re c o rd e r system, which a lso  a m p lif ie d  and recorded the  o u tp u t con­
t in u o u s ly  on a s t r ip  c h a r t ,  and s im u lta n e o u s ly  re la ye d  i t  to  an ana log - 
t o - d ig i t a l  (A/D) c o n v e rte r . The d ig i t iz e d  in fo rm a tio n  was recorded 
on m agnetic tape by a synchronous tape re c o rd e r . A schem atic re p re se n ta ­
t io n  o f  the  system is  shown in  F igu re  4 .9 . The components o f  t h is  
system are described  below .
b . C o n d u c tiv ity  probes
The c o n d u c t iv ity  probes used were the same as those 
used by F isch e r (1966), and Okoye (1970). A draw ing o f  one o f  the 
probes is  shown in  F ig u re  4 .1 0 . Much o f the  rem ainder o f  th is  s e c t io n  
is  excerpted from  these re p o r ts .
The probes, n o m in a lly  15 inches lo n g , c o n s is t  o f  th re e  p la tin u m  
p la te  e le c tro d e s  f i r m ly  se t in to  a 7052 kovar s e a lin g  w h ich b lends in to  
Corning 3320 canary g la s s . Th is  sea ls  the  low er end o f  a s tre a m lin e d  
7740 Pyrex g lass  cas ing  which tape rs  o f f  a t the  top where i t  is  glued
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F igu re  4 .8  Schematic draw ing o f c o n d u c t iv ity  probe m ountings.





F igu re  4.10 Design o f the c o n d u c t iv ity  probes ( a f te r  F isch e r (1 9 6 6 )).
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to  an amphenol connecto r w ith  Reziweld epoxy. The cas ing  is  1 /3 2 - in c h  
th ic k .
Each e le c tro d e , 1 /8  in c h  by 1 /8  in c h  and 0.005 in ch  th ic k ,  is  
spot-w elded to  a tw o -in c h  long  pure p la tin u m  w ire .  The copper w ire s  
le a d in g  to  the  amphenol connecto r a re  each s i l v e r  so lde red  to  the  
p la tin u m  w ire s . The c e n tra l w ire  is  in s u la te d  from  the  o u te r tw o, and 
the th re e  w ire s  enclosed in  a con tinuous m e ta l l ic  s h ie ld .  The ce n te r 
lead is  so ldered  to  the  ce n te r p in  o f the  amphenol connecto r and the 
o u te r leads to  the  connecto r base.
The th re e  e le c tro d e s  are a lig n e d  such th a t  the  o u te r ones are 
1 /8  in ch  a p a rt w ith  the  ce n te r p la te  e x a c t ly  midway between them. Thus 
the generated e le c t r ic  f i e l d  is  con fin ed  to  a sm a ll re g io n  w ith in  the 
o u te r p la te s ,  in  c o n tra s t to  the  la rg e  f i e l d  w h ich a co n v e n tio n a l tw o- 
p la te  system induces . The th re e -p la te  arrangement th e re fo re  o f fe rs  
g re a te r s e n s i t i v i t y  and b e t te r  response to  c o n c e n tra tio n  v a r ia t io n s  a t 
a p o in t than a dua l e le c tro d e  c o n f ig u ra t io n .  The response tim es o f  the 
probes were measured by Okoye (1970) and found to  be about 15 m i l l i ­
seconds.
The probe e le c tro d e s  were r e g u la r ly  cleaned w ith  a c h ro m ic -s u lfu r ic  
a c id  s o lu t io n  and p la t in iz e d  acco rd ing  to  a s tandard procedure (American 
P u b lic  H e a lth  A s s o c ia tio n  (1 9 7 1 )). D uring  s to ra g e , the  e le c tro d e s  were 
immersed in  d i s t i l l e d  w a te r.
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c . B ridge  c i r c u i t
The probes were connected to  the  b r id g e  c i r c u i t s  by 
tw o-conducto r sh ie ld e d  cab les (Beiden 8402 o r 8422) le a d in g  from  the  
amphenol connecto rs  to  tw o-prong connecto rs  w hich were plugged in to  
b u t in s u la te d  from  the  m e ta l l ic  b r id g e  boxes. As shown in  the  b lo c k  
d iagram  o f  F igu re  4 .9 , the  re c o rd e r su p p lie d  the  e x c i ta t io n  v o lta g e  
fo r  the b r id g e  and rece ive d  the  in p u t s ig n a l o f  the  probe v ia  the b r id g e  
c i r c u i t .
D e ta ils  o f  the  elem ents o f  the  f u l l - b r id g e  c i r c u i t  and the  e x te rn a l 
connections to  the  re c o rd e r a re  shown in  F ig u re  4 .1 1 . The probe was 
connected across a 25-ohm r e s is to r  w h ich cou ld  be rep laced  by a v a r ia b le  
p o te n tio m e te r in  o rd e r to  va ry  th e  probe s e n s i t i v i t y  i f  d e s ire d . 
In c re a s in g  the  p o te n tio m e te r re s is ta n c e  a t t h is  p o in t  would decrease 
probe s e n s i t i v i t y ,  and v ic e  ve rs a . The 1K-ohm v a r ia b le  r e s is to r  on the 
o p p o s ite  arm o f  the  b r id g e  a ided in  the  i n i t i a l  b a la n c in g  o f  the  b r id g e  
c i r c u i t .  The b r id g e  was connected to  the  re c o rd e r v ia  the  s ig n a l and 
e x c i ta t io n  c i r c u i t s ,  each o f  w h ich was a tw o -conducto r sh ie ld e d  ca b le .
d . Analog re c o rd in g  system
A fo u r  channel Sanborn re c o rd in g  system s e r ie s  150 was 
used. Th is  system s u p p lie s  an e x c i ta t io n  v o lta g e  o f  4 .5  v o l ts  a t 2400 
h e r tz  to  the b r id g e  box. An analog reco rd  o f the  s ig n a l re tu rn e d  from 
the  c o n d u c t iv ity  probes is  made onto a s t r ip  c h a r t .  Thus, a hard copy 
o f the  c o n d u c t iv ity  da ta  was o b ta in e d . From the  Sanborn re c o rd e r , the 
s ig n a l was fed in to  an a n a lo g - to - d ig i ta l  c o n v e rte r .
F igu re  4.11 D e ta ils  o f  b r id g e  c i r c u i t  and e x te rn a l connections to  Sanborn analog re co rd e r 





e. Analog to  d i g i t a l  (A/D) data  a c q u is i t io n  system
A f lo w  diagram  o f  the A/D system is  shown in  F ig u re  
4 .1 2 . The A/D system (s e r ie s  1103) m anufactured by D ig i t a l  Data 
Systems, N o rth r id g e , C a l i fo r n ia ,  accepted e ig h t channels o f  analog 
v o lta g e s  which ranged to  a maximum o f  ± 10 v o l t s .  The channels were 
sampled by an ana log m u lt ip le x e r  which scanned the  e ig h t  channels in  
about 4 .4  m ill is e c o n d s .  The sam ple-and-ho ld  a m p l i f ie r ,  re c e iv in g  the 
sampled v o lta g e , had an a p e rtu re  o f 0.17 m icroseconds. Th is  re p re se n ts  
the p e rio d  over which the  in p u t v o lta g e  was d ig i t iz e d .  Both the 
scanning ra te  and the  a p e rtu re  were cons tan ts  fo r  the  system. However, 
the  sam pling r a te ,  w h ich denotes the  ra te  a t  which the ana log v o lta g e  
was d ig i t iz e d ,  was se le c te d  by the  o p e ra to r by use o f  the BASE FREQ and 
DIVIDE BY c o n tro ls .  The maximum sam pling ra te  was 1600 samples per 
second (s /s e c ) fo r  one channe l. Thus i f  e ig h t  channels were be ing  used, 
the  maximum ra te  was 200 s /sec per channel.
Sampled v o lta g e  was fed to  the  A/D c o n v e rte r where i t  was converted  
to  a b in a ry  s ig n a l and then to  b in a ry -co d e d -d e c im a l (BCD). Meanwhile 
the header da ta  re ce ive d  by the  c o n tro l lo g ic  were coded a p p ro p r ia te ly .  
The header data  cons is te d  o f  ( i )  id e n t i f ic a t io n  in fo rm a tio n  from  the 
ana log m u lt ip le x e r ,  ( i i )  d i g i t a l  c lo c k  d a ta , ( i i i )  a f o u r - d ig i t  number 
termed the  header c o n s ta n t, and ( iv )  manual id e n t i f ic a t io n  in p u ts .
The BCD o f  the c o n v e rte r and the  header data  from  the  c o n t ro l lo g ic  were 
rece ive d  by a d i g i t a l  m u lt ip le x e r  and t ra n s fe r re d  to  one o f  two memory 
u n its  fo r  s to ra g e . Each u n i t  has a c a p a c ity  o f 1024 tape c h a ra c te rs .




F igu re  4.12 Flow diagram o f the d ig i t a l  data  system ( a f te r  Okoye (1970))
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opposed to  an in c re m e n ta l re c o rd e r , data  were f i r s t  c o lle c te d  in  one 
memory u n i t  a t the  sam pling ra te ,  and then t ra n s fe r re d  to  the tape 
a t the maximum tra n s p o r t  ra te  o f the  re c o rd e r . Meanwhile the  o th e r 
memory u n i t  accepted data  from  the  d i g i t a l  m u lt ip le x e r  w h ile  da ta  in  
the  f u l l  u n i t  were be ing  recorded on tape . Thus no in fo rm a tio n  was 
lo s t  w h ile  d ig i t iz e d  da ta  were be ing  recorded on tape .
D ig it iz e d  in fo rm a tio n  was packed on the  m agnetic tape in  a 
language and fo rm at com patib le  w ith  the IBM 370/158 h ig h  speed 
com puter. Data from  a se t o f measurements, such as c o n c e n tra tio n  
m on ito red  a t  a f ix e d  p o in t  over a g iven  le n g th  o f t im e , were s to re d  on 
tape as a f i l e .  The f i l e s  were separa ted from  each o th e r by END OF 
FILE marks. Each f i l e  was composed o f  reco rds  separa ted from  one 
ano the r by INTER RECORD GAPS. A re co rd  le n g th  was 1024 tape ch a ra c te rs  
and com prised the  s to rage  o f  each memory u n i t .  In  each re c o rd , the 
f i r s t  s ix te e n  tape c h a ra c te rs  id e n t i f ie d  the header data  from  the 
c o n tro l lo g ic ;  the rem a in ing  1008 c h a ra c te rs  were d ig i t iz e d  da ta .
Since vo lta g e s  were recorded as 3 - d ig i t  va lu e s , each sample co n s is te d  
o f th re e  tape c h a ra c te rs ; thus 336 samples were s to re d  in  every re c o rd .
By use o f  s u b ro u tin e s , the  recorded in fo rm a tio n  was re tr ie v e d  
by the  IBM 370/158 com puter; thus d ig i t iz e d  c o n c e n tra tio n  data were 
a v a ila b le  fo r  re d u c tio n  and a n a ly s is  by the main computer program.
4 .3  D e te rm in a tio n  o f  Sampling Rate and Time
A re p re s e n ta t iv e  d is p e rs io n  experim ent was perform ed to  de term ine 
a s u ita b le  sam pling ra te  and ave rag ing  tim e fo r  m easuring mean and 
standard  d e v ia t io n s  o f  c o n c e n tra t io n .
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The averag ing  t im e , Tm, must be la rg e  enough th a t  these q u a n t it ie s
are e s s e n t ia l ly  independent o f  i t .  Okoye (1970) p o in te d  ou t th a t  the 
re q u ire d  averag ing  tim e in creases  w ith  the  s iz e  o f the la rg e s t  eddy 
e f fe c t in g  m ix in g , hence lo n g e r ave rag ing  tim es are  needed fo r  deeper 
w a te r. Thus, the sam pling ra te  and averag ing  tim e were determ ined fo r  
the deepest w a ter a n t ic ip a te d  in  the  subsequent expe rim ents . Th is  depth 
was 16.3 cm. The d i f f u s e r  was p e rp e n d ic u la r to  the c u r re n t,  and the 
Froude number a p p ro x im a te ly  equal to  one. Th is  re s u lts  in  the la rg e s t  
v e r t i c a l  m ix in g  eddy s iz e ,  in  the p resen t expe rim ents , as the  e f f lu e n t  
mixes over the re c e iv in g  w a te r depth (F igu re  2 .3 ) .  A l l  fo u r  probes were 
s im u lta n e o u s ly  sampled.
The probes were sampled a t 400 sam ples/s each fo r  s ix t y  seconds. 
Means were formed o f every sample, every o th e r sample, every t h i r d  
sample, e t c . ,  up to  every fo u r  hundredth  sample. Th is  is  e q u iv a le n t 
to  ta k in g  400, 200, 1 3 3 , . . . . , 1 sam ples/s. The r a t io s  Ci /Cm were then 
computed, where Ci is  the  mean a t i  sam ples/s and the  mean a t  400 
sam ples/s. S im i la r ly ,  va lues  o f  the  s tandard  d e v ia t io n  √Ci '2 and the 
r a t io s  √ C i'2  √ C m '2  were form ed. The r e s u lts  a re  p lo t te d  in  F igu re  4 .13 .
The means and standard d e v ia t io n s  become independent o f  the  sam pling 
ra te  fo r  ra te s  g re a te r than about 10 sam ples/s. T h is  ra te  was chosen 
fo r  a l l  subsequent experim ents.
In  o rde r to  determ ine Tm, the  probes were sampled a t 10 sam ples/s
each fo r  n ine  m inu tes. The samples were averaged over 2, 4, 8 ,  . . . . . ,
512 seconds. R a tios  Ci /Cm were then c a lc u la te d  where Ci is  the mean
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F igu re  4.13 Mean and s tandard d e v ia t io n s  o f co n c e n tra tio n s  as a 
fu n c t io n  o f sam pling ra te ,  one m inute average.
F igu re  4.14 Mean c o n c e n tra tio n  as a fu n c t io n  o f sam pling tim e , 
sample ra te  is  10 per second.
-7 4 -
c o n c e n tra tio n  averaged over i  seconds, and Cm is  the 512 second mean.
The re s u lts  a re  p lo t te d  in  F igu re  4 .1 4 . I t  was decided to  take  the
averag ing  tim e Tm such th a t  most o f  the  means f e l l  w i th in  ± 5% o f  the 
asym p to tic  va lu e . The envelope o f the  means p lo t te d  in  F ig u re  4.14
f a l l s  w i th in  th is  range fo r  Tm ≈  60 seconds. Hence, a one m inute
averag ing  tim e was chosen fo r  a l l  subsequent expe rim ents .
To summarize, a sam pling ra te  o f ten  per second and an averag ing  
tim e o f one m inute was chosen fo r  a l l  c o n c e n tra tio n  measurements. 
These va lues are  based on experim ents whose re s u lts  are p lo t te d  in  
F igu res 4.13 and 4 .14 .
4 .4  E xperim enta l Procedure
The fo llo w in g  procedure was fo llo w e d  fo r  a l l  th re e -d im e n s io n a l 
experim ents. F i r s t ,  the  e le c t r ic a l  equipment was tu rned  on to  a llo w  
warm-up tim e . The Sanborn re c o rd e r re q u ire s  about n in e ty  m inu tes.
The main b a s in  r e c ir c u la t in g  pump and skimmers were then tu rned  on. 
Th is  was to  m ix the  b as in  w a te r u n ifo rm ly  and to  c lean  the  w a ter 
s u rfa c e . A ir  was flu sh e d  from  the  r e c ir c u la t io n  system i f  the  b as in  
had been p re v io u s ly  em ptied. The d i f f u s e r  and assoc ia ted  plum bing 
were then flu sh e d  r a p id ly  w ith  tap  w a te r and the d i f fu s e r  s lo t  
c a r e fu l ly  cleaned w ith  a ra z o r b la d e . T h is  was to  remove a i r  bubbles 
from  the  system and any p a r t ic le s  w hich may have caught in  the  s lo t .  
Th is  was necessary to  ensure u n ifo rm  d i f f u s e r  f lo w .
Water was then d ra ined  o r added to  the  b a s in  u n t i l  the d e s ire d  
depth was o b ta in e d . Va lves on the  b a s in  r e c ir c u la t io n  system were
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a d jus ted  to  ach ieve the d e s ire d  c u rre n t v e lo c i t y .  The e f f lu e n t  was 
then m ixed, and the  tem pera ture  ad ju s te d  to  ± 1°C from  the  b a s in  w a te r.
The su rfa ce  te n s io n  d if fe re n c e  between the b a s in  w a te r and e f f lu e n t  
was n e u tra liz e d  as fo llo w s .  The d i f f u s e r  was tu rned  on a t the  a n t i c i ­
pated f lo w  ra te  and the  su rfa ce  plume observed. Surface te n s io n  
d if fe re n c e s  were v e ry  apparen t, as the elements o f e f f lu e n t  h i t t i n g  
the su rfa ce  would spread r a p id ly ,  a lm ost b u rs t in g ,  as they h i t  the 
s u rfa c e . I f  th is  occu rred , d e te rg e n t was added to  the b as in  w a te r and 
a llow ed  to  m ix th o ro u g h ly . Iv o ry  d ishw ashing l iq u id  was found to  be 
s u ita b le .  Th is procedure was repeated u n t i l  the b u rs t in g  was ju s t  
suppressed. There was then no su rfa ce  te n s io n  d if fe re n c e  to  a f fe c t  
the spread ing  o f the  plume on the s u rfa c e . The amount o f d e te rgen t 
re q u ire d  was o f the  o rde r o f 50 mℓ .
The c o n d u c t iv ity  probes were then c a l ib ra te d .  Th is  was done by 
p la c in g  them in  a beaker c o n ta in in g  3000 mℓ o f b as in  w a te r. The b r id g e  
c i r c u i t  fo r  each probe was balanced and the pen d e f le c t io n s  on the 
Sanborn re c o rd e r zeroed. Measured amounts o f e f f lu e n t  were added 
s e q u e n t ia l ly ,  and the r e s u lt in g  s o lu t io n  mixed th o ro u g h ly  w ith  a 
m agnetic s t i r r e r .  A f te r  each a d d it io n ,  the pen d e f le c t io n s  were no ted , 
and the s ig n a ls  recorded on the A/D c o n v e rte r . When f u l l  sca le  d e f le c ­
t io n s  on the Sanborn re c o rd e r were reached, the  probes were removed from  
the beaker and p laced in  the b a s in . They were p o s it io n e d  ju s t  touch ing  
the w a te r s u rfa c e . A l l  probes were then lowered a fu r th e r  5 mm so th a t  
the e le c tro d e s  were submerged. Th is  is  d e fin e d  as the su rfa ce  p o s it io n .
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The Sanborn re c o rd e r appeared to  be the  la rg e s t  source o f  e r ro r  in  
d i lu t io n  measurements. Due p o s s ib ly  to  the  age o f  the  equipm ent, the 
b a s e lin e  d r i f t e d .  Th is  in tro d u ce d  a cons tan t e r ro r  whose r e la t iv e  
magnitude increased  as measured d i lu t io n s  in c re a se d . By choosing a 
s u ita b le  NaCl c o n c e n tra tio n  and a d ju s t in g  the Sanborn s e n s i t i v i t y  so 
th a t  la rg e  d e f le c t io n s  were m a in ta in e d , th is  e r ro r  was reduced to  
about ± 5%.
The camera was loaded w ith  f i lm  and p laced in  p o s it io n .  The f la s h  
and camera o p e ra tio n s  were then te s te d  and an id e n t i f ic a t io n  l e t t e r  and 
number fo r  the  experim ent was p laced w ith in  the  camera v iew .
The b as in  w a te r depth was measured w ith  a p o in t  gage to  an accuracy 
o f ± 1/10 mm. The tem pera tures and d e n s it ie s  o f  the e f f lu e n t  and b as in  
w a te r and the bas in  f lo w  ra te  were then measured. Using th is  in fo rm a ­
t io n ,  the exact d i f f u s e r  f lo w  re q u ire d  to  ach ieve the  d e s ire d  Froude 
number was c a lc u la te d  and the  experim ent begun.
The probes were sampled fo r  a t  le a s t  one m inu te . They were then 
moved to  t h e i r  nex t lo c a t io n s ,  the  probe co o rd in a te s  no ted , and sam pling 
begun aga in . Th is was repeated about fo u rte e n  tim e s . Thus, w ith  fo u r  
probes, c o n c e n tra tio n s  were measured a t about s ix t y  lo c a tio n s  fo r  each 
experim ent.
The bas in  is  a c losed  c i r c u i t .  Hence, the  e f f lu e n t  is  e v e n tu a lly  
re c ir c u la te d  to  the head o f the b a s in , causing the  background concen tra ­
t io n  to  in c re a se . Th is  background c o n c e n tra tio n  was r e g u la r ly  m on ito red .
A f te r  the experim ent was com pleted, the  d e n s it ie s  were rechecked.
I f  fu r th e r  experim ents were to  be done th a t  day, the  procedure
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described  above was repea ted . However, the  d i f f u s e r  was no t re flu s h e d  
nor were the probes re c a lib ra te d  fo r  each expe rim en t.
A t the end o f the day the  d i f f u s e r  was flu s h e d  w ith  c lean  w a te r.
To p reven t a lg a l g row th , c h lo r in e  was added to  the  b a s in  w a te r and 
mixed th o ro u g h ly . The probes were removed and the  c a l ib r a t io n  rechecked. 
The probes were then p laced in  d i s t i l l e d  w a te r.
4 .5  Data R eduction
Data recorded on the  A/D c o n v e rte r  was reduced on an IBM 370/158 
com puter. The program reduced the  data in  the fo llo w in g  way.
A le a s t  squares f i t  to  the  c a l ib r a t io n  data fo r  each probe was 
made by means o f a C a ltech  su b ro u tin e  "LSQUAR", to  e va lu a te  the  constan ts  
a1 , a2 , and a3 in  the  fo rm u la
where C is  the  c o n c e n tra tio n  o f  e f f lu e n t  in  the  m ixed f l u i d ,  and V the 
v o lta g e  recorded by the A/D c o n v e rte r . C is  computed by
(4 .2 )
where Vo is  the  t o t a l  volume o f e f f lu e n t  added to  a volume Vr o f  b a s in   
w a te r. C is  then the re c ip ro c a l o f  d i lu t io n ,  S. A t y p ic a l  c a l ib r a t io n  
curve is  shown in  F igu re  4 .15 .
The b as in  f lo w  ra te  was then c a lc u la te d . For the  v e n tu r i m ete r, 
th is  was done by the  fo rm u la
(4 .3 )
(4 .1 )
F igu re  4.15 T y p ic a l c o n d u c t iv ity  probe c a l ib r a t io n  curve (c o n c e n tra tio n  is  volume f r a c t io n  o f 





where CD is  a d ischa rge  c o e f f ic ie n t ;  g the a c c e le ra t io n  due to  g r a v ity ;
ΔH the  d if fe re n c e  in  p ie z o m e tr ic  head between the  v e n tu r i m eter ta p s ,
measured by manometer; and Ψ = dt /d u , where dt is  the th ro a t  d ia m e te r,
and du the upstream p ipe  d ia m e te r. The v e n tu r i m eter used was Keck
Lab o ra to ry  number Q-35, w ith  dt  = 3.25 in ch  (8.25 cm), and d =  4.00 in ch
(10.2 cm). A d ischa rge  c o e f f ic ie n t ,  CD = 0.980 ± 2% was assumed. Hence, 
Eq. 4 .3  becomes
where W is  the  b as in  w id th , and H the  w a te r dep th . is  g iven  by Eq.
4 .4  o r 4 .5 . The e r ro r  in  depth measurement is  about ± 1 mm due to  the 
unevenness o f the sand bottom . Hence, the  e r ro r  in  H is  u s u a lly  le ss
where Qb is  in  f t 3/ s ,  and ΔH in  fe e t .  The ro ta m e te r is  a F isch e r 
P o rte r  F lo w ra to r model 1735, Keck L a b o ra to ry  number Q -27. The m eter is  
sca led  in  pe rcen t o f  f u l l  f lo w . P rev ious la b o ra to ry  c a l ib r a t io n s  have
v e r i f ie d  th is  r e la t io n ,  where 100% is  0.105 f t 3/s  ( 3 .0  x  10-3 m3/s )  ± 2%.
Hence, the re la t io n s h ip
(4 .4 )
(4 .5 )
was used, where is  in  f t 3/ s ,  and R is  pe rcen t o f  f u l l  f lo w . Thus, the 
measurement e r ro r  fo r  bo th  flow m eters  is  about ± 2%.
The ambient c u r re n t v e lo c i t y ,  u , was c a lc u la te d  from  the  fo rm u la
(4 .6 )
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than ± 2%, and the t o t a l  e r ro r  in  u is  ± 4%, assuming a ± 2% e r ro r  in  
f lo w  measurement. The Froude number is  then c a lc u la te d  from :
(4 .7 )
where u is  g iven by Eq. 4 .6 , and L is  the d i f fu s e r  le n g th . Δρ/ρo is  
computed from  the d e n s ity  measurements, and Q is  the e f f lu e n t  f lo w  ra te .  
By summing up the  in d iv id u a l e r ro rs  in  the q u a n t i t ie s  o f Eq. 4 .7 , the 
e r ro r  in  F is  es tim a ted  a t ± 15%.
In  o rde r to  compute d i lu t io n s ,  the  c o n c e n tra tio n  o f  each sample, Ci , 
is  computed from  Eq. 4 .1 . A one m inute  average was then ob ta ined  from :
(4 .8 )
where N = 600. Background c o n c e n tra tio n s  were computed by l in e a r  in t e r ­
p o la t io n  between measured va lu e s . The mean c o n c e n tra t io n , Eq. 4 .8 , was 
then c o rre c te d  by s u b tra c t in g  the background. The d i lu t io n ,  S, was then 
computed a s :
The va ria n ce  was computed by the e q u a tio n :
(4 .10)
F in a l ly ,  the r a t io s  Sq/uH, C u H /q , and √ C '2/C were computed fo r  each 
probe a t  each sam pling p o in t .  The e r ro r  in  the  f i r s t  two r a t io s  due to
(4 .9 )
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e r ro rs  in  measurement o f the in d iv id u a l q u a n t i t ie s  is  about ± 12% and in  
the la s t  r a t io  about ± 10%.
The spread ing  ra te  o f  the su rfa ce  waste f i e l d  was measured from 
the  photographs. Th is  was done by p ro je c t in g  each s l id e  in  an e n la rg e r 
and t ra c in g  the plume o u t l in e .  The sca le  was measured from  the g r id  
m ark ings. The e r ro r  in  measuring w due to  the d if fe re n c e  in  h e ig h t 
between the su rfa ce  plume and the  g r id  marks was le s s  than + 5%.
4 .6  Summary o f E xperim enta l E rro rs
The param eters o f  p rim a ry  in te r e s t  in  th is  s tudy are  the r a t io s  
Sq/uH and i t s  in v e rs e  CuH/q; a Froude number, F = u 3/b ;  and the  e x te n t 
o f  the  waste f i e l d .  A source o f  e r ro r  is  the v a r ia t io n  o f u over the 
b as in  w id th ; th is  v a r ia t io n  is  about ± 5% o f the mean. The l im ite d  
averag ing  tim e o f  one m inute  in tro d u c e s  an e r ro r  o f ± 5% in  the  measure­
ments o f mean c o n c e n tra tio n s  compared to  t h e ir  asym p to tic  v a lu e s . The 
r e la t iv e  e r ro r  in  the r a t io s  Sq/uH and CuH/q is  assumed to  be the  square 
ro o t o f the  sum o f the squares o f the  r e la t iv e  e r ro rs  in  each q u a n t ity ,  
and is  equal to  9%. S im i la r ly ,  the  r e la t iv e  e r ro r  in  F is  11%. A fu r th e r  
sys tem a tic  e r ro r  re s u lts  from  the sm a ll plume Reynolds numbers o f these 
expe rim ents . Th is  e r ro r  is  h ig h e s t in  the  plume reg im e, where i t  may 
be as h ig h  as ± 20% (Appendix A ) .
The measurements o f su rfa ce  plume w id th  s y s te m a tic a lly  o ve res tim a te  
the tru e  w id th  by le s s  than 5%. Th is  is  due to  the d if fe re n c e  in  h e ig h ts  




5.1  Summary o f Experiments
The exp ress ion  fo r  d i lu t io n  w ith  no am bient c u rre n t is  deduced 
in  S ec tion  5 .1 , and hence an es tim a te  o f  the asym p to tic  exp ress ion  fo r  
d i lu t io n  as the Froude number, F → 0 is  o b ta in e d . R esu lts  fo r  d is ­
p e rs io n  in  c u rre n ts  p e rp e n d ic u la r , p a r a l le l ,  and a t in te rm e d ia te  angles 
to  the d i f f u s e r ,  r e s p e c t iv e ly ,  a re  presented in  S ections 5 .3 , 5 .4 , and 
5 .5 . In  S ec tion  5 .6  the r e s u lts  fo r  minimum su rfa ce  d i lu t io n  are 
p re se n te d .
A l l  experim ents are  id e n t i f ie d  by a le t t e r  and number which enables 
va lues o f expe rim e n ta l v a r ia b le s  to  be found from  the da ta  summary,
Table 5 .1 . In  a l l  photographs the  g r id  spacing on the c e n te r l in e  is  
equal to  the d i f fu s e r  le n g th , L .
5 .2  D i lu t io n  w ith  No Ambient C u rren t
F ive  experim ents were perform ed w ith  no am bient c u r re n t in  o rde r 
to  measure minimum su rfa ce  d i lu t io n s .  The r e s u lts  a re  p lo t te d  in  
F ig u re  5 .1  in  a form  suggested by Eq. 3 .11 , th a t  is :
where
The re s u lts  c o n firm  the p re d ic t io n  o f  Eq. 3 .15 :
















which is  a lso  p lo t te d .  Th is  suggests th a t  Eq. 3 .16 :
(5 .2 )
is  the asym p to tic  exp ress ion  fo r  d i lu t io n  in  a moving c u rre n t as 
F (=  u3/b )  → 0. However, the assum ption made th a t  the su rfa ce  la y e r  
th ickn e ss  is  u n ifo rm  w ith  no am bient c u r re n t is  o n ly  tru e  fo r  an i n i t i a l  
p e r io d . For long  tim e s , the la y e r  th ickn e ss  grows w ith  tim e due to  
in t e r f a c ia l  shear. Hence, the d i lu t io n  decreases w ith  tim e due to  the 
reduced h e ig h t o f  plume r is e .  Eq. 5 .1  is  th e re fo re  a tim e dependent 
s o lu t io n ,  o n ly  v a l id  fo r  an i n i t i a l  p e r io d . The va lue  o f  the co­
e f f i c ie n t  in  Eq. 5 .2  is  th e re fo re  o n ly  an a pp ro x im a tion .
5 .3  D is p e rs io n  in  a P e rp e n d icu la r C u rren t
5 .3 .1  Photographs o f Surface Plumes
As d iscussed in  S e c tion  2 .2 , th e re  e x is t  th re e  f lo w  regimes 
fo r  d is p e rs io n  from  a l in e  plume o f  i n f i n i t e  le n g th  d is c h a rg in g  in to  a 
c u rre n t f lo w in g  p e rp e n d ic u la r to  the source . These f lo w  regimes depend 
o n ly  on the magnitude o f the Froude number, F, and are  i l lu s t r a t e d  in  
v e r t i c a l  cross s e c tio n  in  F igu re  2 .3 . The photographs shown in  th is  
chap te r are a l l  p la n  v iew s.
An example o f the plume f lo w  regime (F ig u re  2 .3a) is  shown in  




F igu re  5 .2  Photograph o f su rfa ce  plume: G9, F  ≈ 0 .1 ,
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w id th  o f the  su rfa ce  plume a t  the  d i f f u s e r  to  be g re a te r than the 
d i f fu s e r  le n g th .
For F  ≥ 1, the upstream wedge is  swept away, and the e f f lu e n t  
remains a ttached  to  the  low er boundary, as shown in  F igu re  2 .3 c . The 
th re e -d im e n s io n a l case was d iscussed in  S ec tion  3 .3 .1 ;  i t  was p re d ic te d  
th a t  the  e f f lu e n t  would remain a tta ched  to  the low er boundary fo r  some 
d is ta n c e  downstream, as shown in  F ig u re  3 .1 . Th is  can be seen in  the 
example shown in  F igu re  5 .3 . The zone o f  low er boundary attachm ent 
is  the da rk  t r ia n g le  ex tend ing  about th re e  d i f fu s e r  le n g th s  downstream.
The e f fe c t  on the su rfa ce  plume o f  v a ry in g  the  Froude number fo r  
o the rw ise  f ix e d  c o n d it io n s  (L = 61 cm, H ≈  4 cm) is  shown in  F igu re  5 .4 . 
Experim ent number G9 is  in  the plume regime (F ≈  0 .1 ) where the  upstream 
wedge can be seen . When F is  increased  to  about 1 .2 , G8, the upstream 
wedge is  swept away. The fo rce d  en tra inm en t regim e is  e n te red , and a 
zone o f low er boundary a ttachm ent fo rm s, ex tend ing  about one d i f fu s e r  
le n g th  downstream. For F ≈  12, G7, the zone o f  a ttachm ent extends 
fu r th e r  downstream, and the  s iz e  o f  the su rfa ce  f i e l d  is  s m a lle r . 
F in a l ly ,  fo r  F ≈  120, G6, the  c u rre n t is  so s tro n g  th a t  l i t t l e  su rfa ce  
spread ing  r e s u lts .  The fuzzy  plume edges suggest th a t  am bient tu rb u ­
lence  is  beg inn ing  to  a f fe c t  d is p e rs io n .
The e f fe c t  on the su rfa ce  plume o f v a ry in g  the w a te r depth fo r  
F ≈  1, and L = 61 cm, is  shown in  F igu re  5 .5 . The spread ing  near 
the d i f fu s e r  is  u n a ffe c te d  by the  w a te r d e p th , as p re d ic te d  by Eq. 3 .26 . 
For the  4 cm w a te r d e p th , in t e r f a c ia l  shear g re a t ly  re ta rd s  the su rfa ce  
spread ing  ra te  compared to  the  case o f  16 cm dep th . Th is  is  p re d ic te d




F igu re  5 .4  Photographs o f su rfa ce  plumes a t d i f f e r e n t  va lues  o f the  Froude numbers, F
G8, F ≈  1 .3 G6, F ≈  120





F ig u re  5 .5  Photographs o f  s u rfa ce  plumes a t d i f f e r e n t  w a te r 
dep ths, H. F ≈  1, L = 61 cm.
G8, H = 4 .1  cm
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by Eq. 3 .44 , as the shear s tre s s ,  τ ,  inc reases  as the w a te r depth 
decreases. The le n g th  o f  low er boundary attachm ent is  about one 
d i f fu s e r  le n g th , and is  u n a ffe c te d  by the change in  w a ter dep th , as 
p re d ic te d  by Eq. 3 .24 .
5 .3 .2  Length o f Lower Boundary A ttachm ent
For experim ents in  w hich F  ≥ 1, the  le n g th  o f the zone o f 
low er boundary a ttachm ent, xa (d e fin e d  in  F igu res  3 .1  and 3 .2 ) was
measured from  the  photographs. The re s u lts  are p lo t te d  in  d im ension­
le s s  form  in  F igu re  5 .6 . The p re d ic t io n ,  Eq. 3 .24 , which is  a lso  
p lo t te d ,  shows good agreement w ith  the r e s u lts .  F igu re  5 .3  is  a good 
example o f a photograph from  which xa was measured. Here, xa ≈ 3L.
5 .3 .3  Buoyant Surface Spreading Rate
Buoyant su rfa ce  spread ing  was d iscussed in  S e c tion  3 .5 .
For F ≥ 1 i t  was specu la ted  th a t  th re e  spread ing  regim es m igh t e x is t  as 
shown in  F igu re  3 .5 . In  o rd e r to  te s t  th is  hypo the s is  the r e s u lts  were 
p lo t te d  in  the  form  Δw (= w -  L) versus x in  F igu res  5 .7 , 5 .8 , 5 .9 , and 
5.10 fo r  F = 0 .1 , 1, 10, and 100, r e s p e c t iv e ly .  L ines w ith  s lopes o f 
1, 2 /3 , and 1 /5 , are a lso  marke d . Δw /x  fo r  the  i n i t i a l  l in e a r  spread ing 
p o r t io n  o f each experim ent w ith  F ≥ 1 was measured from  these f ig u re s  
and the  re s u lts  p lo t te d  versus F in  F igu re  5 .11 .
The i n i t i a l  spread ing  ra te  fo r  F ≥ 1 was p re d ic te d  to  be l in e a r  
and independent o f Reynolds number and L/H  fo r  L/H  >> 1. The re s u lts  
show th is  to  be tru e  and c o n firm  the  p re d ic t io n ,  Eq. 3.26 (F ig u re  5 .1 1 ) , 
fo r  3.75 < L/H < 15, and 2900 < Re < 12,300. W ith in  the range o f 




F igu re  5.6 Length o f low er boundary attachm ent (see F igu res 3 .1  and 3.2 fo r  d e f in i t io n  ske tch e s ).
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F igu re  5.7 Growth o f su rfa ce  f ie ld  downstream; c u rre n t p e rp e n d ic u la r 
to  d i f f u s e r ,  F ≈  0 .1  (1 f t  = 0.305 m).
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F igu re  5 .8  Growth o f su rfa ce  f i e l d  downstream, c u rre n t p e rp e n d ic u la r
to  d i f f u s e r ,  F  ≈ 1. (xa is  le n g th  o f  zone o f low er
boundary a ttachm ent, p re d ic te d  by Eq. 3 .2 4 .)  (1 f t  = 0.305 m)
F igu re  5 .9  Growth o f su rfa ce  f i e l d  downstream, c u rre n t p e rp e n d ic u la r
to  d i f f u s e r ,  F  ≈ 10. (xa is  le n g th  o f zone o f  low er
boundary a ttachm ent, p re d ic te d  by Eq. 3 .2 4 .)  (1 f t  = 0.305 m)
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F igu re  5.10 Growth o f su rfa ce  f ie l d  downstream, c u rre n t p e rp e n d ic u la r
to  d i f f u s e r ,  F ≈  100. (xa is  le n g th  o f zone o f low er
boundary a ttachm ent, p re d ic te d  by Eq. 3 .2 4 .) (1  f t  = 0.305 m)
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F igu re  5.11 I n i t i a l  spread ing  ra te  o f  su rfa ce  f ie l d ,  c u rre n t 
p e rp e n d ic u la r to  d i f f u s e r .
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from  Eq. 3 .26 . Th is  is  p robab ly  no t s ig n i f ic a n t ,  however, as the 
spread ing  ra te  here is  v e ry  sm a ll and the measurements s u b je c t to  
cons id e ra b le  e r ro r  (see, fo r  example, F igu re  5 .4 , G 6).
The spread ing  is  u s u a lly  l in e a r  a t  le a s t  up to  the p o in t  o f  low er 
boundary s e p a ra tio n . Only fo r  experim ent G8 does the  spread ing  depart 
s ig n i f ic a n t ly  from  l in e a r  b e fo re  s e p a ra tio n . Th is f lo w  has a ve ry  low 
Reynolds number (2900, see F igu re  5 .5 ) .  I t  can be concluded th a t  the 
i n i t i a l  spread ing  ra te  is  l in e a r  a t  le a s t  up to  f lo w  s e p a ra tio n  (whose 
le n g th , x a , can be p re d ic te d  by Eq. 3 .24 , and is  marked on F igu res  5 .8 ,
5 .9 , and 5 .10) and is  independent o f L/H  and Reynolds number in  the 
range 3.74 < L/H < 15, 5,280 < Re < 12,300 and 1 < F < 20 ( th is  excludes 
experim ent G8 w ith  Re = 2900).
The spread ing  ra te  appears to  show the 2 /3  s lope  p re d ic te d  by Eq.
3.46 a t  g re a te r downstream d is ta n c e s . Th is  is  p a r t ic u la r ly  apparent fo r  
flow s  w ith  F  ≈ 1, F igu re  5 .8  and some w ith  F ≈  10, F igu re  5 .9 . Few o f 
these flow s  show the 1 /5  s lope p re d ic te d  by Eq. 3 .56 , except p o s s ib ly  
H7, F ig u re  5 .9 , which may be approaching a 1 /5  s lo p e , and G6, F igu re  5 .10 . 
These re s u lts  suggest th a t  these experim ents do no t extend fa r  enough 
downstream to  reach the regime where spread ing  is  re s is te d  m a in ly  by 
in t e r f a c ia l  shear.
For F < 1 an upstream wedge forms ( fo r  example, F igu re  5 .2 ) .  The 
le n g th  o f the  wedge, and hence the i n i t i a l  w id th  o f  the su rfa ce  f ie l d  a t 
the o r ig in  is  s tro n g ly  in flu e n c e d  by in t e r f a c ia l  shear. Thus, i t  would 
be expected th a t the  su rfa ce  spread ing  is  everywhere a ffe c te d  by shear. 
Th is is  found in  experim ents G5 and G9, F igu re  5 .7 . Experim ent G5 
shows the 1 /5  s lope p re d ic te d  by Eq. 3 .56 , and G9 becomes a 1/5 s lope
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downstream from  the  source . Experim ent G9 can, however, be made to  f i t  
a l in e  o f 1 /5  s lope e x a c t ly  by means o f  a s u ita b le  o r ig in  s h i f t .
A lthough  the re s u lts  show the  l in e a r ,  2 /3  and 1 /5  s lopes as 
p re d ic te d , the data are inadequate to  d e f in i t e ly  c o n firm  these growth 
law s. A ls o , the t r a n s i t io n  co o rd in a te s  between the regimes cannot be 
r e l ia b ly  p re d ic te d . The i n i t i a l  l in e a r  spread ing  fo r  F ≥ 1 p re d ic te d  
by Eq. 3.26 is  con firm ed , however, a t le a s t  w i th in  the s p e c if ie d  l im i t s  
o f F, L /H , and Reynolds number.
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5 .3 .4  P r o f i le s  o f E f f lu e n t  C oncen tra tion
P r o f i le s  fo r  F ≈  0 .1  are  shown in  F ig u re  5 .1 2 . The p r o f i le s  
shown were measured v e r t i c a l l y  on the plume c e n te r l in e  and tra n s v e rs e ly  
ju s t  beneath the su rfa ce  a t s e v e ra l d is ta n ce s  downstream. The re s u lts  
a re  p lo t te d  acco rd ing  to  Eq. 3.17 w ith  θ = 90°, th a t  i s :
f o r  the  v e r t i c a l  c e n te r lin e  p r o f i le s ,  and
fo r  the su rfa ce  p r o f i le s .
The th ickn e ss  o f the  su rfa ce  la y e r  near the d i f fu s e r  is  about h a l f  
the w a ter dep th , H. Th is  is  g re a te r than the  0.3H la y e r  th ickn e ss  
found fo r  the tw o -d im ens iona l f r i c t io n le s s  f lo w  (S e c tio n  2 .3 ) .  The 
reason fo r  t h is  g re a te r th ickn e ss  and the  s lope  o f  the  in te r fa c e  
apparent in  F igu re  5.12 is  p robab ly  in t e r f a c ia l  shear, which is  more 
im p o rta n t in  the th re e -d im e n s io n a l case due to  the  fo rm a tio n  o f the 
upstream wedge and la t e r a l  sp read ing .
The re s u lts  a re  found to  be independent o f L/H  fo r  7.5 < L/H < 15, so 
the  p r o f i le s  can be p lo t te d  as:
F igure  5.12 Norm alized p r o f i le s  o f e f f lu e n t  c o n c e n tra tio n , C, fo r  c u rre n t f lo w  p e rp e n d icu la r to  d i f f u s e r ,
F  ≈ 0 .1 . D is tances o f o rd in a te s  from  axes are p ro p o r t io n a l to  CuH/q: sca le  a t top .
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The su rfa ce  e f f lu e n t  c o n c e n tra tio n  v a r ie s  s l i g h t ly  across the  plume 
w id th , reach ing  a maximum a t the  c e n te r l in e .  The v a r ia t io n  is  due to  
th re e -d im e n s io n a l e f fe c ts  r e s u lt in g  from  the  f i n i t e  d i f f u s e r  le n g th . The 
plume was observed to  be n e a r ly  v e r t i c a l  a t  the  c e n te r , b u t to  lean  down­
stream  a t an ang le  which became in c re a s in g ly  steep towards the d i f fu s e r  
ends. Thus, the  d i lu t io n  in c re a s e s , and hence c o n c e n tra tio n  decreases 
towards the ends due to  the  lo n g e r en tra inm en t pa th  th e re . Th is  e f fe c t  
can be seen in  the photograph o f F ig u re  5 .2  as the  curved l ig h t - c o lo r e d  
band which is  an in d ic a to r  o f  the  plume s u r fa c in g  zone ju s t  downstream o f 
the d i f f u s e r .  (Th is  l i g h t  band a lso  appears in  the  tw o-d im ens iona l f lo w  
w ith  no ambient c u r re n t,  re g io n  3, F igu re  2 .5 , v is ib le  a lso  in  the  pho to­
graph, F igu re  A -3 , Appendix A .)
The m ix in g  process fo r  F ≥ 1 was d iscussed in  S ec tion  3 .3 .2 . I t  was 
hypo thes ized , and confirm ed by the  re s u lts  o f the  p re v io u s  s e c t io n , th a t 
the  e f f lu e n t  would rem ain a ttached  to  the low er boundary fo r  some f i n i t e  
d is ta n c e  downstream from  the  source . Th is is  a lso  apparent in  the  v e r t i ­
c a l c e n te r lin e  c o n c e n tra tio n  p r o f i le s  p lo t te d  in  F igu re  5.13 fo r  F ≈ 1, 
and F igu re  5.14 fo r  F ≈  10. These p r o f i le s  correspond to  those shown 
s c h e m a tic a lly  in  F igu re  3 .3 . The re s u lts  are p lo t te d  acco rd ing  to  Eq. 
3.30 c lose  to  the d i f f u s e r ,  th a t  is :
F u rth e r from  the  d i f fu s e r  Eq. 3.33 is  a p p lic a b le .  However, the  re s u lts  
are found to  be independent o f  L/H  and can be p lo t te d  as:
F igu re  5.13 Norm alized v e r t i c a l  p r o f i le s  o f e f f lu e n t  c o n c e n tra tio n , C, on c e n te r lin e  fo r  c u rre n t f lo w
p e rp e n d ic u la r to  d i f f u s e r ,  F  ≈ 1. D is tances o f o rd in a te s  from  axes are p ro p o r t io n a l
to  CuH/q: sca le  a t top .
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F igu re  5.14 Norm alized v e r t i c a l  p r o f i le s  o f e f f lu e n t  c o n c e n tra tio n , C, on c e n te r lin e  fo r  c u rre n t flo w
p e rp e n d icu la r to  d i f fu s e r ,  F ≈  10. D is tances o f  o rd in a te s  from  axes are p ro p o r t io n a l
to  CuH/q: sca le  a t top .
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A lso  p lo t te d  fo r  the s m a lle s t va lues  o f x /H  are  the  s o lu t io n s  fo r  
g r a v ita t io n a l d i f fu s io n  due to  Rouse (1947), Eq. 3 .31 .
Rouse's s o lu t io n  does no t g ive  an accu ra te  p re d ic t io n  in  i t s  
re g io n  o f v a l i d i t y .  Th is  is  p ro b a b ly  due to  h is  assum ption th a t  the 
maximum c o n c e n tra tio n  a t  any downstream d is ta n c e  occurs on the  low er 
boundary. Exam ination o f Rouse's da ta , and those presen ted by T a y lo r 
(1961), suggest th a t  the  maximum c o n c e n tra tio n  occurs away from  the 
low er boundary. These data show a shape more in  agreement w ith  the 
p resen t r e s u lts .
The decay in  in te n s i t y  o f the  buoyancy-induced f lu c tu a t io n s  in  
c o n c e n tra tio n  near the  w a te r su rfa ce  are  p lo t te d  in  F ig u re  5 .1 5 . The 
re s u lts  a re  p lo t te d  acco rd ing  to  Eq. 3 .37 , th a t  i s :
For F ≈  1, the r e la t iv e  c o n c e n tra tio n  f lu c tu a t io n  in te n s i t y  f a l l s  
to  0 .1  in  a d is ta n c e  o f about 4H. Th is  d is ta n c e  is  an e s tim a te  o f the
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F igu re  5.15 Decay in  in te n s i t y  o f  buoyancy-induced f lu c tu a t io n s  o f 
c o n c e n tra tio n  on plume c e n te r lin e  near s u rfa ce , 
p e rp e n d icu la r c u r re n t.
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m ix in g  re g io n  le n g th  (F ig u re  3 .3 ) w hich agrees w ith  th a t  found from 
the c o n c e n tra tio n  p r o f i le s ,  F ig u re  5 .13 . For x/H  ≥ 3 .7 , the p r o f i le  
near the  su rfa ce  does n o t change w ith  in c re a s in g  d is ta n c e  downstream, x . 
The da ta  nea re r the  low er boundary show co n s id e ra b le  s c a t te r ,  however, 
and the  p o s tu la te d  e q u il ib r iu m  p r o f i le  (S e c tio n  3 .3 .2 )  does n o t occu r. 
Th is  is  p robab ly  due to  th re e -d im e n s io n a l e f fe c ts  w ith  the  am bient w a ter 
reach ing  the  ce n te r l in e  b e fo re  the  m ix in g  process is  com plete .
The e q u il ib r iu m  p r o f i le  does, however, occur fo r  F = 10, F igu re  
5 .14 . Th is is  because the d is ta n c e  re q u ire d  fo r  √ c ,2/C to  f a l l  below 
0 .1  is  now about 9H (F ig u re  5 .1 5 ) ,  wh ich is  c o n s id e ra b ly  le s s  than the 
d is ta n ce  fo r  s e p a ra tio n  in  these expe rim en ts . The e q u il ib r iu m  p r o f i le ,  
F igu re  5 .14c , is  seen to  occur fo r  x ≥ 7.5H, a d is ta n c e  w h ich agrees 
app ro x im a te ly  w ith  the  9H deduced above.
Severa l au tho rs  have proposed asym p to tic  exp ress ions fo r  d i lu t io n  
as u → ∞. These express ions are based upon the assum ption th a t  the 
e f f lu e n t  becomes u n ifo rm ly  mixed over the re c e iv in g  w a te r depth a t 
h ig h  c u rre n t speeds. However, the  v e r t i c a l  c o n c e n tra tio n  p r o f i le s  
in  the fo rce d  en tra inm en t reg im e, F igu res  5.13 and 5 .1 4 , show th a t  fo r  
some Froude numbers th is  u n ifo rm  m ix in g  does n o t occu r. For example, 
the e q u il ib r iu m  p r o f i le ,  F ig u re  5 .14c , is  c le a r ly  no t u n ifo rm  over the 
dep th . Th is  p r o f i le  must be s ta b le ,  hence the d e n s ity  must in c re a s e , 
and so the e f f lu e n t  c o n c e n tra tio n  decrease, w ith  depth below the  fre e  
s u rfa c e . T h e re fo re , the minimum d i lu t io n  a t the  su rfa ce  must always
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be le s s  than th a t  p re d ic te d  by Eq. 2.7 (w ith  θ = 9 0 °):
w hich assumes u n ifo rm  m ix in g . N onethe less, as F → ∞ , am bient
tu rb u le n ce  should produce a u n ifo rm  m ix tu re  (Smq/uH = 1 ) ,  b u t the
p resen t experim ents do no t show th is  r e s u lt  f o r  F ≤ 10. The 
re s u lts  f o r  minimum su rfa ce  d i lu t io n  w i l l  be d iscussed in  S ection  5 .6 .
Pearson (1956 )(see S ection  2 .2 ) a ttem pted to  p re d ic t  d i lu t io n  in  
the fo rce d  en tra inm en t regim e by use o f Rouse's g r a v ita t io n a l d i f fu s io n  
a n a ly s is .  As p re v io u s ly  d iscussed , the e f fe c t  o f the  f re e  su rfa ce  is  
to  cause a s ta b le  la y e r  o f  buoyant f lu id  to  b u i ld  up, which s h i f t s  the 
c o n c e n tra tio n  maximum to  the s u rfa c e . Rouse's a n a ly s is ,  which o n ly  
a p p lie s  to  a re c e iv in g  f lu i d  o f  i n f i n i t e  dep th , is  th e re fo re  no t 
a p p lic a b le .
The th ickn e ss  o f the  su rfa ce  la y e r  a f te r  s e p a ra tio n , F igu res  5.13 
and 5 .14 , is  about h a l f  the re c e iv in g  w a te r dep th . Th is is  in  agreement 
w ith  the  lo c k  exchange analogy used in  p re d ic t in g  the  le n g th  o f the 
low er boundary a ttachm ent, S ec tion  3 .3 .1 .
5.4 D isp e rs io n  in  a P a ra l le l  C u rren t
5 .4 .1  Photographs o f  Surface Plumes
A photograph o f the  su rfa ce  plume produced when a c u rre n t 
flow s  p a r a l le l  to  the l in e  d i f fu s e r  is  shown in  F igu re  5 .16 . Photo­
graphs showing the  e f fe c t  o f v a ry in g  the Froude number are presented 
in  F igu re  5 .17 .
F igure  5.16 Photograph o f  su rfa ce  plume in  a p a r a l le l  c u r re n t:  J3, F ≈  10
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J1 , F ≈  1
J6, F ≈  100
F ig u re  5.17 Photographs o f su rfa ce  plumes in  a p a r a l le l  c u r re n t.
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5 .4 .2  I n i t i a l  Surface Spreading
The photographs o f F igu re  5.17 show the  i n i t i a l  su rfa ce
spread ing  to  be l in e a r ,  as p re d ic te d  by the a n a ly s is  o f  S ec tion  3 .4 .
The w id th  o f the su rfa ce  f i e l d ,  wo , a t  the end o f the d i f f u s e r  was
measured from  the  photographs. The re s u lts  and the  p r e d ic t io n ,  Eq.
3 .4 2 , a re  p lo t te d  in  F igu re  5 .18 . The re s u lts  c o n firm  the  a n a ly s is ,  and 
show the  i n i t i a l  spread ing  to  be independent o f  L/H  a t le a s t  fo r  
3.75 < L/H < 15 and Reynolds number a t  le a s t  fo r  2500 < Re < 12,740.
5 .4 .3  E f f lu e n t  C o nce n tra tio n  P r o f i le s
V e r t ic a l and near su rfa ce  e f f lu e n t  c o n c e n tra tio n  p r o f i le s  
fo r  p a r a l le l  c u rre n ts  a re  shown in  F ig u re  5.19 th rough 5 .22 . The re s u lts  
are p lo t te d  acco rd ing  to  Eq. 3 .33 . A ga in , the  r e s u lts  are found to  be 
independent o f  L/H fo r  3.75 < L/H < 15, and can be expressed as:
A c h a r a c te r is t ic  fe a tu re  o f  d is p e rs io n  in  a c u rre n t p a r a l le l  to  the 
d i f fu s e r  are the l i g h t  areas centered im m ed ia te ly  beh ind the  d i f f u s e r .  
These are  v is ib le  in  the photographs, F igu res  5 .16 and 5 .1 7 , and are 
a lso  m a n ife s t in  the  c o n c e n tra tio n  p r o f i le s .  T h is  area is  th in n e r  and 
more h ig h ly  d i lu te d  than the  re s t  o f  the  s u rfa ce  la y e r , and p o s s ib ly  
r e s u lts  from  two e f fe c ts .  The f i r s t  is  the  p ro d u c tio n  o f  a wake 
by the buoyant d isch a rg e , s im ila r  to  th a t  produced by a f l a t  p la te  in  a 
u n ifo rm  f lo w . The second is  v o r t ic e s  induced by the  v e r t i c a l  m otions 
o f the buoyant e f f lu e n t .  Thus, th e  am bient f lo w  im m ed ia te ly  behind the 
d i f f u s e r  is  a p a ire d  v o r te x ,  w ith  a downstream v e lo c i t y  le s s  than u . Th is
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F igu re  5.18 Surface f ie l d  w id th  (wo) a t downstream end o f l in e  d i f fu s e r  
fo r  c u rre n t p a r a l le l  to  d i f f u s e r .
F igure  5.19 Norm alized p r o f i le s  o f e f f lu e n t  c o n c e n tra tio n , C, fo r  c u rre n t f lo w  p a r a l le l  to  d i f f u s e r ,  F ≈  0 .1 .
D istances o f o rd in a te s  from  axes are p ro p o r t io n a l to  CuH/q: sca le  a t lower r ig h t .
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F igure  5.20 Norm alized p r o f i le s  o f e f f lu e n t  c o n c e n tra t io n , C, fo r  c u rre n t f lo w  p a r a l le l  to  d i f f u s e r ,  F  ≈ 1.
D istances o f o rd in a te s  from axes are p ro p o r t io n a l to  CuH/q: sca le  a t low er r ig h t .
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F igu re  5.21 Norm alized p r o f i le s  o f e f f lu e n t  c o n c e n tra tio n , C, fo r  c u r re n t f lo w  p a r a l le l  to d i f fu s e r ,  F ≈  10.
D is tances o f  o rd in a te s  from  axes are  p ro p o r t io n a l to  CuH/q: sca le  a t low er r ig h t .
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F igu re  5.22 Norm alized p r o f i le s  o f e f f lu e n t  c o n c e n tra t io n ,  C, fo r  c u r re n t f lo w  p a r a l le l  to  d i f f u s e r ,  F  ≈ 100.
D istances o f o rd in a te s  from  axes are  p ro p o r t io n a l to  CuH/q: sca le  a t low er r ig h t .
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f lo w  is  i l lu s t r a t e d  in  F igu re  5 .2 3 . The v e r t i c a l  m otion o f the ambient f lo w
F ig u re  5 .23 V e r t ic a l p r o f i le  a t  downstream end o f
d i f f u s e r  showing p o s tu la te d  f lo w  f i e l d .
near the  c e n te r l in e  p o s s ib ly  causes the th in n in g  o f the  su rfa ce  la y e r  
th e re . Only the  sh a llo w -w a te r low -Froude number experim ent (J9 ,
F igu re  5 .19 ) does no t show th is  e f fe c t .  Th is is  p roba b ly  due to  the 
g re a te r r e la t iv e  e f fe c t  o f  v is c o s it y  a t  sh a llo w e r dep ths. I t  is  
p o s s ib le  th a t  the f r i c t i o n  damps the v o r t ic e s  and reduces the  la t e r a l  
su rfa ce  spread ing  ra te ,  r e s u lt in g  in  e l im in a t io n  o f th is  l i g h t e r  zone.
The c e n te r l in e  su rfa ce  c o n c e n tra tio n  is  f a i r l y  u n ifo rm  up to  the 
end o f the  d i f f u s e r .  Beyond th a t  p o in t ,  the  c o n c e n tra tio n  drops 
suddenly as the " l i g h t "  zone is  reached. T h e re a fte r ,  the c o n c e n tra tio n  
inc reases  s lo w ly  w ith  d is ta n c e  downstream due to  h o r iz o n ta l m ix in g  and 
sp read ing , as i l lu s t r a t e d  in  the su rfa ce  p r o f i le s  o f  F igu res 5 .20 , 5 .21 , 
and 5 .22 . Only fo r  F = 0 .1 , F ig u re  5.19 (J9) is  th is  in c rea se  w ith  
d is ta n c e  no t observed. Th is  is  due to  the ra p id  outward spread ing  fo r  
t h is  case, which a p p a re n tly  reduces the  inward spread ing  and m ix in g .
In  g e n e ra l, the su rfa ce  c o n c e n tra tio n  p r o f i le s  tra n sve rse  to  the f lo w  
d ir e c t io n  have a b im odal shape, becoming more u n ifo rm  w ith  d is ta n ce  
downstream. The minimum su rfa ce  d i lu t io n  occurs to  the  s ides  o f  the
-120 -
d i f f u s e r ,  b e fo re  any s ig n i f ic a n t  h o r iz o n ta l m ix in g  has occu rred . The 
minimum su rfa ce  d i lu t io n  w i l l  be d iscussed fu r th e r  in  S ec tion  5 .6 .
The e f f lu e n t  forms a tw o - la y e r  f lo w  im m ed ia te ly , even fo r  ve ry  
s tro n g  c u rre n t speeds. Th is tw o - la y e r  f lo w  can be seen in  the v e r t i c a l  
c o n c e n tra tio n  p r o f i le s  o f F igu re  5.19 th rough  5 .22 . Even fo r  a Froude 
number o f 100 (F igu re  5 .2 2 ) , the tw o - la y e r  f lo w  s t i l l  forms im m ed ia te ly . 
Th is is  in  c o n tra s t to  the d is p e rs io n  p a t te rn  produced by a c u rre n t 
p e rp e n d icu la r to  the d i f f u s e r .  In  th is  s i tu a t io n ,  the e f f lu e n t  remains 
a ttached  to  the low er boundary fo r  some d is ta n c e  downstream i f  F  > 0 .2 .
The i n i t i a l  su rfa ce  la y e r  th ickn e ss  is  about 40% o f the  w a te r depth 
fo r  F ≥ 1 , F igu res  5.20 to  5 .2 2 . Th is  is  g re a te r than the 30% p re d ic te d  
by Koh and Brooks (1975). However, the th ic k n e s s , h , is  no t u n ifo rm  
in  a p lane tra n sve rse  to  the  c u rre n t d i r e c t io n ,  p a r t ic u la r ly  ju s t  
downstream o f the d i f fu s e r  where i t  can be as sm a ll as 0.1H. A t g re a te r 
d is ta n ce s  downstream, the la y e r  becomes th in n e r  and more u n ifo rm  as i t  
spreads h o r iz o n ta l ly .  The r e la t iv e  la y e r  th ic k n e s s , h /H , may be la rg e r  
a t sha llo w e r w ater depths due to  an in t e r f a c ia l  s lope w hich develops to  
overcome shear. For example, the experim ents perform ed a t 4 cm w ater 
depths show la rg e r  va lues o f h/H  than those in  deeper w aters (see 
F igu res 5.39 to  5 .2 1 ).
5.5 D isp e rs io n  a t In te rm e d ia te  Angles
5 .5 .1  Photographs o f Surface Plumes
A few experim ents were perform ed w ith  the d i f fu s e r  
o r ie n ta te d  a t a 45° ang le  to  the  c u r re n t.  A photograph o f the  su rfa ce  
plume fo r  F = 1 is  shown in  F ig u re  5 .24 . Photographs o f  the su rfa ce
F igu re  5 .24  Photograph o f su rfa ce  plume in  a 45° c u r re n t.  R4, F ≈ 1
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plume fo r  F = 1, 10, and 100 are  shown in  F igu re  5 .25 .
For F = 1, F igu res  5.24 and 5 .25a , the  su rfa ce  la y e r  forms no t 
o n ly  an upstream wedge bu t a lso  a l i g h t  zone im m ed ia te ly  behind the 
d i f f u s e r .  The upstream  wedge is  c h a r a c te r is t ic  o f a p e rp e n d ic u la r 
c u rre n t fo r  F < 1 (F ig u re  2 .3 ) .  For θ = 45°, however, i t  forms o n ly  
a long p a r t  o f  the  d i f fu s e r  le n g th . A ls o , the  plume leans more s te e p ly  
downstream a t the  le a d in g  edge. These ob se rva tio n s  suggest th a t  the 
ambient f lo w  is  d e f le c te d ,  becoming more p a r a l le l  to  the  d i f fu s e r  as i t  
approaches the  downstream d i f f u s e r  end. Thus, the r a t io  up3 /b ,  where 
Up is  the  lo c a l v e lo c i t y  p e rp e n d ic u la r to  the  d if fu s e r ,  p robab ly  v a r ie s  
a long the  d i f fu s e r  le n g th . I t  may f a l l  below 1 a t  some p o in t ,  causing 
the  upstream  wedge fo rm a tio n . Because the  am bient f lo w  is  more n e a r ly  
p a r a l le l  to  the d i f fu s e r  a t the  end, the l i g h t  zone forms th e re , as in  
the p a r a l le l  c u rre n t case d iscussed in  S e c tion  5 .4 . Th is  f lo w  (θ = 45°, 
F  ≈ 1) is  th e re fo re  o f a "h y b r id "  n a tu re , having  c h a ra c te r is t ic s  common 
to  c u rre n t flow s  bo th  p e rp e n d ic u la r and p a r a l le l  to  the  d i f f u s e r .
For s tro n g e r c u rre n ts  the  f lo w  becomes more l i k e  th a t  found in  
flow s p e rp e n d ic u la r to  the  d i f f u s e r .  For example, in  F igu re  5.25b (R 3), 
a zone o f low er boundary attachm ent is  seen, ex tend ing  the  f u l l  d i f fu s e r  
le n g th . A s im ila r  f lo w  is  seen fo r  F = 100, F ig u re  5.25c (R 6).
5 .5 .2  E f f lu e n t  C oncen tra tion  P r o f i le s
P r o f i le s  fo r  F = 10 are  shown in  F igu re  5 .26 . The f lo w  is  
s im ila r  to  th a t  fo r  a c u r re n t f lo w in g  p e rp e n d ic u la r to  a d i f fu s e r  whose 
le n g th  is  equal to  the  p ro je c te d  le n g th  o f the o b liq u e  d i f f u s e r .  The 
v e r t i c a l  p r o f i le s  show the  e f f lu e n t  to  rem ain i n i t i a l l y  a ttached  to  the
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F ig u re  5 .25  Photographs o f  s u rfa ce  plume in  a 45° c u rre n t a t 
d i f f e r e n t  va lues  o f  the Froude number, F.
R3, F ≈  10
R4, F ≈  1
R6, F  ≈ 100
F igu re  5 .26  Norm alized p r o f i le s  o f e f f lu e n t  c o n c e n tra t io n , C, fo r  c u rre n t f lo w  a t a 45° ang le to  the 
d i f fu s e r .  D istances o f  o rd in a te s  from  axes are p ro p o r t io n a l to  CuH/q: sca le  in  m idd le .
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low er boundary and to  form  a tw o - la y e r  f lo w  fu r th e r  downstream. The 
th ickn e ss  o f  the su rface  la y e r  o u ts id e  the  zone o f low er boundary 
a ttachm ent, bu t b e fo re  s e p a ra tio n  has occurred  is  about 50% o f the 
w a te r dep th , as in  the  p e rp e n d ic u la r case.
5.6 Minimum Surface D i lu t io n
The measurements o f minimum su rfa ce  d i lu t io n  are p lo t te d  in  
F igu re  5.27 acco rd ing  to  Eq. 3 .7 . The re s u lts  are independent o f 
L/H fo r  3.75 < L/H < 30 w ith in  the  l im i t s  o f e xpe rim e n ta l e r ro r ,  and 
so can be expressed as:
(5 .4 )
Eq. 3 .12 , the  asym p to tic  s o lu t io n  as F → 0 is  a lso  p lo t te d .  A va lue  o f 
equal to  0.27 f i t s  the  data  b e t te r  than the 0.29 v a lu e  p re d ic te d  by 
assuming tw o -d im ens iona l f lo w  in  a s tagnan t am bient f l u i d .  Hence, the 
asym p to tic  s o lu t io n  i s :
o r
(5 .5 )
Th is  s o lu t io n  a p p lie s  fo r  F le s s  than about 0 .1  (F ig u re  5 .2 7 ) . In  
o th e r words, the  c u rre n t does no t a f fe c t  d i lu t io n  fo r  F < 0 .1 . In  the 
fo rce d  en tra inm en t reg im e, the  minimum su rfa ce  d i lu t io n  was o fte n  
observed to  l i e  o f f  the c e n te r l in e .  Th is  can be seen in  the  su rfa ce  
p r o f i le s  o f  F igu re  5 .26 . Th is  may be due to  the  f lo w  o f  am bient w ater 
towards the  c e n te r l in e ,  causing the  elements o f  e f f lu e n t  to  r is e  more 
ra p id ly  to  the  su rfa ce  than would occur fo r  tw o -d im en s iona l g r a v ita t io n a l
F igu re  5.27 E xperim enta l measurements o f minimum su rfa ce  d i lu t io n  fo r  a f i n i t e  l in e  source o f 
buoyancy f lu x  in  a c u r re n t.
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d i f f u s io n .  Th is  fo rce d  ra te  o f r is e  may a f fo rd  the  e f f lu e n t  le s s  
o p p o r tu n ity  to  m ix and hence to  become le s s  d i lu te d  than on the 
c e n te r l in e .  However, th is  tra n s v e rs e  v a r ia t io n  o f su rfa ce  c o n c e n tra tio n  
was comparable w ith  the  e xpe rim e n ta l e r ro rs ,  so th is  e f fe c t  may no t be 
r e a l .
Values o f Smq/uH ly in g  above the  asym p to tic  s o lu t io n ,  Eq. 5 .5 , 
re p re se n t an in c rea se  in  d i lu t io n  due to  the  c u r re n t.  Th is  in c rease  
fo r  c u r re n t f lo w  p a r a l le l  to  the d i f fu s e r  is  much le s s  than fo r  a 
p e rp e n d ic u la r c u r re n t.  The d if fe re n c e  becomes more pronounced as the 
Froude number in c re a se s . In  the p a r a l le l  case, the  e f fe c t  o f c u rre n t 
on d i lu t io n  is  no t s ig n i f ic a n t  u n t i l  F is  g re a te r than about 1. For a 
Froude number o f 100, the  d i lu t io n  is  about 2.5 tim es g re a te r than w ith  
no ambient c u r re n t.  I f  the f lo w  is  p e rp e n d ic u la r to  the  d i f f u s e r ,  the 
d i lu t io n  is  about 10 tim es g re a te r than th a t  w ith  no c u rre n t fo r  F = 100. 
Hence, a t  F = 100, a d i f fu s e r  fo u r  tim es as long  would be re q u ire d  fo r  
equal d i lu t io n s  i f  the am bient f lo w  is  p a r a l le l  to  the  d i f fu s e r  compared 
to  f lo w  p e rp e n d ic u la r to  i t .
Photographs o f the su rfa ce  plume in  c u rre n ts  p e rp e n d ic u la r and 
p a r a l le l  to  the  c u r re n t,  re s p e c t iv e ly ,  are shown in  F igu res  5.3 and 5 .16 . 
Other c o n d it io n s  are  equ a l, and F ≈  10. The w id th  o f the su rfa ce  f ie l d  
beyond a d is ta n c e  o f 3L downstream is  independent o f the  c u rre n t d ir e c t io n  
(see a lso  F igu re  5 .25 , R3 fo r  θ = 45°, F ≈  1 0 ). The v e r t i c a l  concen tra ­
t io n  p r o f i le s  o f  F igu res  5.14 and 5.21 show the su rfa ce  la y e r  to  be 
th in n e r  in  the  p a r a l le l  case than the  p e rp e n d ic u la r one. In  g e n e ra l, a 
d i f fu s e r  o r ie n te d  p a r a l le l  to  the  ambient f lo w  re s u lts  in  a th in n e r ,
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more concen tra ted  su rfa ce  waste f ie l d  o f comparable la t e r a l  e x te n t than 
a d i f fu s e r  p e rp e n d ic u la r to  the  c u r re n t.
The asym p to tic  exp ress ion  as F → ∞ fo r  d i lu t io n  w ith  c u rre n t f lo w  
p e rp e n d ic u la r to  the  d i f fu s e r  was d iscussed in  S ec tion  5 .3 .4 .  I t  was 
shown th a t  th e re  is  a range o f Froude numbers where the  e f f lu e n t  does 
no t m ix u n ifo rm ly  over the  re c e iv in g  w a te r dep th . Th is  is  due to  the 
development o f a s ta b le  d e n s ity  p r o f i l e .  The asym p to tic  s o lu t io n  
assuming u n ifo rm  m ix in g  w hich has been proposed by s e v e ra l au tho rs  is
(5 .6 )
A lthough th is  equa tion  p roba b ly  a p p lie s  fo r  ve ry  la rg e  va lues  o f  F 
(u la rg e  o r b s m a ll) , the  range o f  F (up to  100) in  these experim ents 
d id  no t show th is  r e s u l t .  Values o f F > 100 are  p roba b ly  no t o f 
p r a c t ic a l in te r e s t  fo r  sewage o u t f a l l s  in  the  ocean. The observed 
r a t io  Smq/uH is  e s s e n t ia l ly  cons tan t a t about 0.58 fo r  0 .1  < F < 100,
3.7 < L/H  < 30, and 2,800 < 4uH/ν < 12,000. F u rtherm ore , th is  u n ifo rm ity  
suggests th a t  the  shape o f the e q u il ib r iu m  p r o f i le  d iscussed in  S ection
3 .3 .2  and shown in  F igu re  5.14c is  no t a s tro n g  fu n c t io n  o f F.
The re s u lts  fo r  θ = 0° and 90° are l im i t in g  cases. In te rm e d ia te  
c u rre n t d ire c t io n s  r e s u lt  in  d i lu t io n s  ly in g  between them as do those 




where q is  the volume f lu x  o f e f f lu e n t  per u n i t  d i f f u s e r  le n g th , u the 
c u rre n t speed, H the w a te r dep th , and θ the ang le  o f  the c u rre n t to  the 
d i f f u s e r ,  as shown in  F ig u re  2 . 1. F is  a type  o f Froude number d e fin e d  
by F = u3/b ,  where b is  the  buoyancy f lu x  per u n i t  d i f f u s e r  le n g th , 
d e fin e d  by Eq. 2 .1 . The e xpe rim e n ta l r e s u lts  a re  p lo t te d  in  F ig u re  5.27 
In  t h is  s e c t io n  procedures which should be fo llo w e d  in  us ing  these 
re s u lts  to  p re d ic t  d i lu t io n  fo r  a m u lt ip o r t  d i f f u s e r  a re  o u t lin e d  and 
an example is  g ive n .
The f lo w  has d i f f e r e n t  regimes depending on the va lues  o f F and θ. 
In  o rd e r to  p re d ic t  d i lu t io n ,  the  f i r s t  step is  to  f in d  which regime 
the f lo w  belongs to  by com puting F and θ. I f  F is  le s s  than about 0 .1  
the f lo w  is  in  the plume reg im e, F igu re  2 .3a , and d i lu t io n s  can be 
es tim a ted  by n e g le c t in g  the  c u r re n t.  The asym p to tic  s o lu t io n  as F → 0,
(6 .1 )
6 .1  Example o f Procedure fo r  P re d ic t in g  D ilu t io n s  
fo r  M u lt ip o r t  D if fu s e rs
The p resen t s tudy has in v e s tig a te d  the d is p e rs io n  o f buoyant 
e f f lu e n t  from  a l in e  app rox im a ting  a source o f buoyancy f lu x  o n ly .
The re c e iv in g  f l u i d  is  o f  u n ifo rm  d e n s ity  and moves a t  a steady speed 
in  an a r b i t r a r y  d ir e c t io n  r e la t iv e  to  the l i n e  source . The minimum 
su rfa ce  d i lu t io n ,  Sm, can be expressed as
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Eq. 5 .5 :
(6 .2 )
can be used as a f i r s t  e s tim a te  p rov ided  the d i f fu s e r  is  w e ll represented 
as a l in e  source o f buoyancy.
The degree to  which the f lo w  approaches th a t  due to  a l in e  plume 
depends p r im a r i ly  on the source momentum f lu x  o f  each p o r t ,  the  p o r t  
spac ing , and the  re c e iv in g  w a te r dep th . An e s tim a te  o f  d i lu t io n  which 
takes account o f  these fa c to rs  can be made by fo llo w in g  the  methods o f 
Roberts (1975 )(reproduced as Appendix B ) . I t  is  shown th e re  th a t  the 
minimum d i lu t io n ,  Sm, a t  h e ig h t y above a m u lt ip o r t  d i f f u s e r  d is c h a rg in g  
round je t s  whose d iam ete r and v e lo c i t y  a t  the  vena c o n tra c ta  are De and 
ue can be expressed as
(6 .3 )
where L is  the d i f fu s e r  le n g th  and n the t o t a l  number o f p o r t s . Fe is  
an e f fe c t iv e  j e t  Froude number d e fin e d  a t the  vena c o n tra c ta  by
(6 .5 )
ℓ  is  the average p o r t  spac ing , g iven  by:
(6 .4 )
-131 -
I f  Cc is  the c o e f f ic ie n t  o f  j e t  c o n tra c t io n ,  d e fin e d  by
(6 .6 )
where Do is  the p o r t  d iam e te r, then from  mass co n s e rv a tio n : 
(6 .7 )
where uo is  the je t  v e lo c i t y  a t  the  p o r t .  I t  then fo llo w s  th a t the j e t
Froude number a t the p o r t ,  Fo , where
(6 .8 )
is  re la te d  to  the  e f fe c t iv e  Froude number Fe by:
(6 .9 )
Eq. 6 .3  is  o n ly  v a l id  i f  the i n i t i a l  j e t  volume f lu x  is  n e g l ig ib le .  This
is  t ru e  fo r  Fe > 8, which covers most sewage o u t f a l l s .  The fu n c t io n a l
re la t io n s h ip  o f Eq. 6 .3  is  shown in  F igu re  5, Appendix B, as con tou rs  o f
cons tan t va lues o f  Sm/F e on a p lo t  o f (y/D e ) /F e versus y / ℓ . 
To es tim a te  d i lu t io n ,  the va lues  o f y / ℓ  and (y/De ) /F e are f i r s t
computed. For y / ℓ  <  5 no d i lu t io n  re d u c tio n  due to  j e t  in te r a c t io n  
occu rs , F igu re  5, Appendix B, and re s u lts  fo r  is o la te d  round 
buoyant je t s ,  F igu re  4, Appendix B, should be used. For y / ℓ  > 5 the 
d i lu t io n  is  reduced compared to  th a t  o f  an in d iv id u a l j e t  a t  the same 
h e ig h t due to  j e t  in te r fe re n c e ,  and F igu re  5 should be used f o r  d i lu t io n  
e s t im a tio n . The c lo s e r  the upper r ig h t  co rne r o f  F igu re  5 is  approached,
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the  c lo s e r  is  the f lo w  to  th a t  due to  a l in e  plume. Th is is  the  re g io n  
where Eq. 6 .2  g ives a r e l ia b le  e s tim a te . Whereas Eq. 6 .2  in c lu d e s  the 
re d u c tio n  in  d i lu t io n  due to  the  su rfa ce  la y e r ,  F igu re  5, Appendix B, 
does n o t,  so c o r re c tio n s  should be made to  account fo r  th is  e f fe c t .
An example o f the  procedure o u t lin e d  above is  g iven  in  S ec tion  6 .3 .
The e f fe c t  o f the  ambient c u rre n t on d i lu t io n  cannot be neg lec ted  
i f  F ( = u 3/b )  is  g re a te r than about 0 .1 . The minimum su rfa ce  d i lu t io n  
then depends on F and the  o r ie n ta t io n ,  θ, o f  the  d i f fu s e r  to  the  c u r re n t;  
the r e s u lts  o f the p resen t s tu d y , F igu re  5 .2 3 , should be used i f  H /ℓ  > 5 
and F > 0 .1 .
As an example o f  d i lu t io n  p re d ic t io n  the  120 in c h  o u t f a l l  o f the  
Los Angeles County S a n ita t io n  D is t r ic t s  is  cons ide red . The d i f f u s e r ,  
shown in  F igu re  6 .1 , has a le n g th , L , o f 4440 fe e t  (1353 m ), and is  
o r ie n te d  p a r a l le l  to  the  coast except fo r  a sm a ll p o r t io n  on the  near­
shore end. The r a t io  o f  w a te r depth to  p o r t  spac ing , H /ℓ  is  32, and
(H/De ) /F e is  g re a te r than 20 (Roberts (1 9 7 5 )). Hence, w ith  no ambient  
c u r re n t,  the  e f f lu e n t  f lo w  and d i lu t io n  near the su rfa ce  should c lo s e ly  
approxim ate th a t  r e s u lt in g  from  a l in e  plume (F ig u re  5 , Appendix B ) .
I t  fo llo w s  th a t  the  l in e  plume app ro x im a tion  should be even b e t te r  when 
the  re c e iv in g  w a te r is  m oving, as the  re s u lt in g  lo n g e r j e t  t r a je c to r ie s  
a f fo rd  b e t te r  o p p o r tu n ity  fo r  m erging o f the  in d iv id u a l je t s .
The average d a i ly  f lo w  ra te ,  Q, th rough the o u t f a l l  is  about 210 
m i l l io n  g a llo n s  per day (9 .20 m3/ s ) . A d e n s ity  d if fe re n c e  o f 0.026 g /cc  
between the  sewage and sea w ater is  assumed. The buoyancy f lu x ,  b , per 
u n i t  le n g th  is  then g iven  by Eq. 2.1 as
F igu re  6 .1  Ocean o u t f a l ls  o f  the Los Angeles County S a n ita t io n  D is t r ic t s .
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For c u rre n ts  f lo w in g  p e rp e n d ic u la r and p a r a l le l  to  the d i f f u s e r ,  F igu re
5.23 g ives Smq/uH as 0.58 and 0 .2 6 , r e s p e c t iv e ly .  The minimum su rfa ce
d i lu t io n  Sm in  a w ater dep th , H, o f  200 fe e t  (61.0  m) is  then estim a ted  as: 
and
= 360, fo r  a p a r a l le l  c u r re n t.
S im i la r ly ,  d i lu t io n s  fo r  o th e r c u rre n t speeds were e s tim a te d . The re s u lts  
are shown in  F igu re  6 .2 . Th is  f ig u re  is  an updated v e rs io n  o f F igu re  12 
in  Roberts (1975). (The reader is  reminded th a t  these re s u lts  are fo r  
the  case o f  no ambient d e n s ity  s t r a t i f i c a t i o n ;  w ith  s t r a t i f i c a t i o n ,  the 
e f f lu e n t  c loud u s u a lly  does no t r is e  to  the s u rfa c e , and low er i n i t i a l  
d i lu t io n s  would be expec ted .)
The expected d i lu t io n s  can now be computed from  F igu re  5 .23 . For 
example, a c u rre n t speed, u , o f 0.3 kno t (0.154 m /s) corresponds to  a 
Froude number, F o f
= 800, fo r  a p e rp e n d ic u la r c u r re n t,
F igu re  6.2 P re d ic te d  minimum su rfa ce  d i lu t io n  fo r  the 120 in ch  o u t f a l l ,  Los Angeles County S a n ita t io n  
D is t r ic t s ,  f lo w  = 210 mgd (9 .2  m3/ s ) ,  no d e n s ity  s t r a t i f i c a t i o n  in  ocean.
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6.2  Comparison o f R esu lts  w ith  O ther Model S tud ies
A few model s tu d ie s  have been made o f d is p e rs io n  from  d if fu s e rs  
in to  a f lo w in g  c u r re n t,  as d iscussed in  S ec tion  2 .2 . In  th is  s e c tio n  
the measurements o f minimum su rfa ce  d i lu t io n  ob ta ined  in  these in v e s t ig a ­
t io n s  w i l l  be compared w ith  those o f the  p resen t s tu d y .
J ir k a  and Harleman (1973) perform ed tw o-d im ens iona l experim ents 
w ith  h o t w a ter escaping v e r t i c a l l y  from  a s lo t .  They expressed th e ir  
re s u lts  as:
where Δρ is  the d e n s ity  d if fe re n c e  re s u lt in g  from  the tem pera ture
d if fe re n c e  ΔT between the e f f lu e n t  and re c e iv in g  w a te r, and ΔT is  the  
maximum tem pera ture  r is e  a t the s u rfa c e . The id e n t i t y  used in  Eq. 6 .10 ,
Sm = ΔTo /ΔΤm, is  de rive d  in  Appendix C, Eq. C13. The v a r ia b le s  can be 








The momentum o f  the  am bient c u r re n t r e la t iv e  to  th a t  o f the source 
is  g iven  by M (C ederw a ll (1 9 7 1 )), where
(6 .13 )
and uj  is  the  j e t  e x i t  v e lo c it y  and B the source w id th . W ith no c u r re n t,  
the momentum f lu x ,  uj 2 B, o f  the source is  im p o rta n t r e la t iv e  to  the 
buoyancy f lu x  over a le n g th  where
(6 .14 )
Thus, fo r  the source momentum f lu x  to  have no e f fe c t  on su rfa ce  d i lu t io n ,  
the r a t io  N, where
must be much le s s  than one. N is  a ls o  g iven  by
(6 .16 )
and is  thus n o t an independent v a r ia b le  o f the problem . Hence, a b e t te r  
cho ice  o f  v a r ia b le s  to  express the minimum su rfa ce  d i lu t io n  than those 
o f Eq. 6.10 i s :
where the  in f lu e n c e  o f  the  source momentum f lu x  should d isappear as 
M → 0. The re s u lts  o f  J ir k a  and Harleman a re  r e p lo t te d  in  th is  way in  
F igu re  6 .3 . In  a d d it io n ,  the r e s u lts  fo r  c u rre n ts  p e rp e n d ic u la r to
(6 .15)
F igu re  6 .3  Comparison o f minimum su rfa ce  d i lu t io n  measurements fo r  d i f fu s e r  in  a p e rp e n d icu la r c u rre n t 
from p resen t s tudy w ith  tw o-d im ens iona l s tu d ie s  o f  J ir k a  and Harleman (1973). Numbers are 
momentum f lu x  param eters, M = Uj 2B ( u 2H).
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the d i f fu s e r  ob ta ined  in  the p resen t s tu d y , F ig u re  5 .27 , a re  p lo t te d .
The number w r i t te n  nex t to  each datum p o in t  is  the  va lue  o f  M.
The e f fe c t  o f the source momentum f lu x  is  to  in c rea se  the d i lu t io n  
above th a t  f o r  an e q u iv a le n t l in e  plume. In  g e n e ra l, the  data w ith  the 
h ig h e s t va lues o f  M show d i lu t io n s  w hich are  la rg e s t  compared w ith  those 
found in  the p resen t s tu d y . Th is a lso  i l lu s t r a t e s  the  problems d is ­
cussed in  S ec tion  4 .2 .2  which cou ld  have a r is e n  i f  a s im p le  s lo t  j e t  
were used fo r  the  p resen t expe rim en ts . I t  is  concluded th a t  the  r e s u lts  
o f the tw o-d im ens iona l experim ents o f  J ir k a  and Harleman cannot be used 
fo r  comparison w ith  those o f  the  p resen t s tudy due to  the  h ig h  source 
momentum f lu x  and the  tw o-d im ens iona l c o n f ig u ra t io n .
J ir k a  and Harleman a lso  perform ed th re e -d im e n s io n a l expe rim ents , 
d iscussed b r ie f l y  in  S ec tion  2 .2 , in  w h ich su rfa ce  d i lu t io n s  were 
measured. Tests were conducted in  a b as in  w ith  l in e  m u lt ip o r t  d i f fu s e rs  
o f f i n i t e  le n g th  d is c h a rg in g  h o t w a te r in to  an am bient f lo w . They 
expressed t h e ir  r e s u lts  as fo r  the  tw o-d im ens iona l s tu d ie s , Eq. 6 .10 . 
Tw o-dim ensional experim ents w ith  m u lt ip o r t  d i f fu s e rs  were done by 
Büh le r  (1974) and Nospal and T a tin c la u x  (1976), as d iscussed in  S ection  
2 .2 . Büh le r  expressed h is  r e s u lts  fo r  minimum su rfa ce  d i lu t io n  in  the 
form  o f  Eq. 2 .5 ; they are  p lo t te d  in  F igu re  2 .4 . Nospal and T a tin c la u x  
expressed th e ir  r e s u lts  in  the  form  o f  Eq. 6 .10 .
The re s u lts  o f B ü h le r, Nospal and T a t in c la u x , and J ir k a  and Harleman 
are re p lo tte d  in  F igu re  6 .4  acco rd ing  to  the  a n a ly s is  o f  the p resen t 
s tu d y , Eq. 5 .2 :
F igu re  6.4 Comparisons o f minimum su rfa ce  d i lu t io n  measurements o f a l in e  plume from  p resen t s tudy 
w ith  in v e s t ig a t io n s  o f m u lt ip o r t  d i f fu s e r s .
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The r e s u lts  approach those o f the p resen t s tudy as F in c re a se s . This 
would be expected as the e f fe c ts  o f the i n i t i a l  momentum f lu x  and p o r t  
spacing  decrease as the  c u rre n t v e lo c i t y  in c re a se s . For sm a lle r Froude 
numbers, measured d i lu t io n s  fo r  m u lt ip o r t  d i f fu s e rs  are  h ig h e r than 
those found in  the p resen t s tudy by about 50%. Th is d isc repancy  is  
la rg e r  than the  20% l i m i t  on s c a lin g  e r ro rs  fo r  the p resen t s tudy 
(Appendix A ), so o th e r reasons fo r  the d if fe re n c e  must e x is t .  The 
experim ents o f J ir k a  and Harleman were conducted w ith  a w ater depth 
to  nozz le  spacing r a t io ,  H /ℓ , o f e i th e r  3 .1  o r 4 .2 . Th is  spacing is  
too la rg e  fo r  any m erging o f the  je t s  to  occur b e fo re  reach ing  the
fre e  s u rfa c e , as d iscussed in  S e c tion  6 .1 . A ls o , the  momentum f lu x  o f
the je t s  was a p p re c ia b le  and the nozz les were p o in t in g  upwards a t  an 
ang le  o f 45°. Hence, the assum ptions made in  the  p resen t s tu d y , th a t  
the  in d iv id u a l je t s  have merged in to  a l in e  plume and the source 
momentum f lu x  is  n e g l ig ib le ,  are in v a l id  fo r  J ir k a  and Harlem an's  
expe rim e n ts .
Büh le r  conducted h is  experim ents over a range o f source Froude 
numbers, Fo , between 12 and 96. The p o r t  spac ing , ℓ , was v a r ie d  from
3.2 to  25 cm, the w a te r dep th , H, was 124.8 cm, and the o r i f i c e
d iam e te r, Do , was 0.318 cm. Thus, the range o f (H/Do ) /F o and H/ ℓ  was:
and
The lo c a t io n  o f  these p o in ts  on F igu re  5, Appendix B, suggests th a t  the 
l in e  plume app rox im a tion  shou ld  be reasonable  fo r  these c o n d it io n s .
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However, the r a t io  o f  w a te r depth to  p o r t  spac ing , H /ℓ , in  the e x p e r i­
ments o f Nospal and T a tin c la u x  was about 3. Hence, the  je t s  would no t be 
expected to  merge b e fo re  reach ing  the  f re e  su rfa ce  w ith  no c u rre n t and 
so the  l in e  plume app ro x im a tion  is  n o t reasonab le .
The experim ents o f Büh le r  and Nospal and T a tin c la u x  were bo th  two- 
d im ensiona l w ith  the source ex tend ing  the  f u l l  w id th  o f the flum e . Th is 
is  the most p robab le  reason fo r  the  d if fe re n c e  in  d i lu t io n s  observed in  
t h e i r  s tu d ie s  and the  p resen t one. In  tw o-d im ens iona l flo w s  a t  sm a ll 
Froude numbers, the supp ly  o f d i lu t in g  w a te r a t the  downstream s id e  o f 
the d i f fu s e r  must be su p p lie d  from  the downstream end o f  the  flum e as 
ambient f lo w  cannot come around the  d i f f u s e r  ends. In  the th re e -  
d im ens iona l case, the supp ly  o f e n tra in e d  w a te r a t  the downstream plume 
end can be su p p lie d  by f lo w  around the ends o f the  d i f f u s e r ,  F ig u re  5 .2 . 
Furtherm ore , these tw o-d im ens iona l flow s  a re  unsteady and the th ickne ss  
o f the su rfa ce  la y e r  is  i n i t i a l l y  le s s  than th a t  in  th re e -d im e n s io n a l 
flow s due to  the im portance o f in t e r f a c ia l  shear in  the la t t e r  case.
Two and th re e -d im e n s io n a l flow s  a t sm a ll Froude numbers a re  thus funda­
m e n ta lly  d i f f e r e n t  bu t should become s im ila r  as F → ∞. These d is s im i­
l a r i t i e s  may be the reasons fo r  the  d if fe re n c e s  in  d i lu t io n s  apparent in  
F igu re  6.4 a t sm a ll Froude numbers. However, the re s u lts  do agree w ith  
those o f  the p resen t s tudy a t h ig h e r Froude numbers, c o n firm in g  th a t  the 
e f f lu e n t  does no t become u n ifo rm ly  mixed over the re c e iv in g  w ater in  
s tro n g  c u rre n ts  p e rp e n d ic u la r to  the d i f f u s e r .  For sm a lle r Froude 
numbers o r c u rre n t d ire c t io n s  o th e r than p e rp e n d ic u la r , th e re  are no 
s u ita b le  data  fo r  com parison.
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6 .3  Comparison o f R esu lts  w ith  F ie ld  S tud ies
There are  v e ry  few f ie l d  data  a v a ila b le  w ith  w h ich to  compare the 
r e s u lts  o f the p resen t s tu d y . The few s tu d ie s  on l in e  d i f fu s e r s  which 
have been made g e n e ra lly  la c k  good c u rre n t speed and d ir e c t io n  da ta .
The dependence o f d i lu t io n  on these param eters has been dem onstrated 
by the  p resen t s tu d y . Because o f  th is  la c k  o f  d a ta , a s e r ie s  o f  f ie ld  
experim ents was perform ed on the  o u t f a l ls  o f  the  Los Angeles County 
S a n ita t io n  D is t r ic t s .  The re s u lts  o f these s tu d ie s  w i l l  be d iscussed 
a t the end o f  th is  s e c t io n .
Data s u ita b le  fo r  comparison are con ta ined  in  the  re p o r ts  o f Burgess 
and James (1970, 1971). These au tho rs  s tu d ie d  the  d is p e rs io n  o f  pu lp  
m i l l  e f f lu e n t  from  o u t f a l ls  in  N o rthe rn  C a li fo r n ia  and Oregon. A e r ia l 
photographs o f  the  plumes were o b ta in e d , and d i lu t io n s  measured by 
p h o tod ens im e tric  methods and by boat sam pling . The c h a ra c te r is t ic s  o f 
the th re e  o u t f a l ls  s tu d ie d  are  g iven  in  Table 6 .1 , and t h e ir  lo c a tio n s  
and c o n f ig u ra t io n s  are shown in  F igu res  6 .5 , 6 .6 , and 6 .7 .
The w a te r d e p th - to -p o r t  spacing r a t io ,  H /ℓ , v a r ie s  from  2 .0  to  3.8 
fo r  these o u t f a l l s .  Thus, i f  the  re c e iv in g  w a te r is  s ta g n a n t, i t  
would be expected th a t  the in d iv id u a l je t s  would no t merge be fo re  
reach ing  the  s u rfa c e , F igu re  5, Appendix B. Hence, the  l in e  plume 
app ro x im a tion  would no t be good fo r  p re d ic t in g  d i lu t io n s  a t low c u rre n t 
speeds. A summary o f e xpe rim e n ta l ob se rva tio n s  from  Burgess and James 
(1970) is  g iven  in  Table 6.2 a long  w ith  computed va lues o f F, Smq/uH, 
(H/Do ) /Fo and a lso  Sm estim a ted  fo r  non-m erging je t s  from  F igu re  4, 
Appendix B. The r e s u lts  a re  p lo t te d  fo r  comparison w ith  those o f the 
p resen t s tudy as Smq/uH versus F and θ in  F igu re  6 .8 .
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Table 6 .1  C h a ra c te r is t ic s  o f paper m i l l  o u t f a l l  d i f fu s e rs  
s tu d ie d  by Burgess and James (1970, 1971).
L oca tion N ew port, 
Oregon
G a rd in e r, 
Oregon
Samoa,
C a li fo r n ia
D if fu s e r  c o n f ig u ra t io n Y, 140° 
ang le  between 
le gs
L ine L ine
Do . P o rt d iam e te r, 
inches
3 5 6
Q. E f f lu e n t  f lo w  ra te ,  
f t 3/s
8 .91 -20 .1 ~ 22.3 ~ 37.9
H. Water dep th , 
fe e t
40 25 22-38
ℓ . P o rt spac ing , 
fe e t
20 7.5 10
L. D if fu s e r  le n g th , 
fe e t
560 182 500
H /ℓ 2.0 3.3 2 .2 -3 .8
Some o f the  data agree w ith  those o f  the  p resen t s tu d y , and some 
do n o t.  The la rg e s t  d isc re p a n c ie s  are  fo r  those measured a t  the Newport 
o u t f a l l  on 8-8-68 and 8 -16-68 . These d i lu t io n s  are between a h a l f  and a 
t h i r d  o f those p re d ic te d  from  th is  s tu d y . However, they are  about h a l f  
the p re d ic te d  d i lu t io n s  fo r  non-m erging je t s  in  a s tagnan t c u r re n t and
Table 6.2 E xperim enta l re s u lts  from  f i e l d  experim ents o f 
Burgess and James (1970) on s u r fa c in g  plumes.
Date Loca tion
Q







D i lu t io n
u
C urren t 
Speed 
f t / s
θ
Approx. 
C u rren t 














P re d ic te d  
fo r  no 
C urren t #
8-8-68 Newport 12.4 67 0.26 P a ra l le l 1.10 0.142 7.2 22.3 89
8-14-68 Newport 16.9 48 - - - - 5.2 30.6 86
8-16-68 Newport 16.8 43 0.42 P a ra l le l 3.41 0.077 5.3 30.4 85
8-21-68 Newport 16.5 50 - - - - 5.4 29.8 83
9-12-68 Newport 15.0 100 - - - - 5.9 27.2 84
7-8-69 Newport 20.1 100 0.5 P a ra l le l 4.83 0.18 4.4 36.2 72
8-12-69 Newport 18.5 100 0 .1 45° 0.042 0.83 4 .8 33.4 90
9-8-69 Newport 18.7 100 0.2 P a ra l le l 0.331 0.42 4.7 33.8 91
7-16-69 G ard iner 22.3 43 0.26 P e rp e n d icu la r 0.20 0.81 4.9 12.2 34
8-19-69 G ard iner 22.5 45 0 .1 45° 0.011 2.23 4.9 12.3 33
8-20-69 G ard iner 16.7 45 0.13 45° 0.033 1.27 6.6 9.1 32
8-6-69 Samoa 41.4 56 0.45 P e rp e n d icu la r 1.52 0.47 6.4 6.9 21
8-7-69 Samoa 36.8 56 0.50 P e rpe nd icu la r 2.36 0.37 7.2 6 .1 20
* Estim ated from  photos and p lo ts .
# P re d ic te d  from  F igu re  4 , Appendix B, fo r  in d iv id u a l round buoyant je t s  w ith o u t in te r fe re n c e , 
+q = e f f lu e n t  volume f lu x  per u n it  le n g th , H = w a te r dep th , uo = je t  e x i t  v e lo c i t y ,  = p o r t  d iam e te r,
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F igu re  6.5 Sketch o f o u t f a l l  near Samoa, C a li fo rn ia  ( a f te r  Burgess and James (1 9 7 0 )).
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F igu re  6.6 Sketch o f o u t f a l l  near Newport, Oregon ( a f te r  Burgess and James (1 9 7 0 )).
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F igu re  6 .7  Sketch o f  o u t f a l l  near G a rd ine r, Oregon ( a f te r  Burgees and James (1 9 7 0 )).
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F igu re  6.8 Comparison w ith  r e s u lts  o f p resen t s tudy o f  d i lu t io n  measurements fo r  pu lp  m i l l  o u t f a l ls  
ob ta ined  by Burgess and James (1970)(see Table 6 .2 ) ,
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d i lu t io n s  were much h ig h e r fo r  s im ila r  c o n d it io n s . The data ob ta ined
on 7 -8 -69 , 8 -12 -69 , and 9-8-69 agree w e ll w ith  the  p resen t r e s u lts .
The r a t io s  Smq/uH ob ta ined  over the  Samoa o u t f a l l  are a lso  low . The 
d i lu t io n s ,  however, are h ig h e r than those p re d ic te d  fo r  non-m erging 
je t s .  The increase  is  p roba b ly  due to  the  c u rre n t e f fe c t ,  bu t is  le ss  
than p re d ic te d  by the re s u lts  o f  th is  s tu d y .
These in c o n s is te n c ie s  between f ie l d  and la b o ra to ry  r e s u lts  cou ld  
be due to  the inadequacy o f  the  ocean c u rre n t d a ta . Burgess and James 
measured o n ly  su rfa ce  c u rre n ts  fo r  a s h o rt p e r io d , whereas the a n a ly s is  
o f the  p resen t s tudy is  based on the  depth-averaged c u rre n t v e lo c i t y ,  
which is  assumed to  be s teady . The unstead iness and shear o f ocean 
c u rre n ts  a f fe c ts  e f f lu e n t  d is p e rs io n . In  o rd e r to  assess these e f fe c ts ,  
a s e r ie s  o f c u rre n t m eters a t d i f f e r e n t  depths o p e ra tin g  over a longe r 
p e rio d  would be necessary. The la c k  o f th is  type o f da ta  makes the 
comparisons between f ie ld  and la b o ra to ry  re s u lts  d i f f i c u l t .
For the same reasons, the su rfa ce  spread ing  r e s u lts  cannot be 
compared, bu t some genera l ob se rva tio n s  can be made. Burgess and James 
found th a t  one o f  the su rfa ce  f lo a ts  in  the experim ent o f  7-16-69 a t 
G ard ine r moved downstream w ith  the  waste f ie l d  bu t th a t  the second 
f lo a t  remained s ta t io n a ry  ju s t  upstream o f  the  o u t f a l l .  The Froude 
number, F, was 0 .20 , Table 6 .2 , so the f lo w  should then be s im ila r  to  
th a t  o f F igu re  5 .2 . The s ta t io n a ry  f lo a t  is  c o n s is te n t w ith  a stagnant 
re g io n  due to  the a rre s te d  upstream wedge. A fu r th e r  example is  the 
photograph o f the plume on 8-6-69 a t Samoa, F igu re  6 .9 . The Froude 
number, F, was 1 .5 , Table 6 .2 . The lo c a t io n  o f the o u t f a l l  is  shown
F igu re  6 .9  A e r ia l photograph o f waste plume on 8-6-69 a t Samoa, C a li fo r n ia .  F  =  1 .5 . From Burgess 
and James (1970), o u t l in in g  by them.
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in  F igu re  6 .5 . The shape o f the plume suggests the c u rre n t d ir e c t io n  
to  be about 10° from  a norm al to  the  d i f f u s e r .  The a e r ia l  photograph 
was taken a t an o b liq u e  a n g le , so d i r e c t  comparisons w ith  the  p resen t 
s tudy cannot be made. However, the  plume appears to  be s im ila r  to  
those observed in  the  p resen t s tu d y . F u rth e r examples are  g iven  in  
F ig u re  6 .10 . The Froude number o f the  plume shown in  F igu re  6.10a is  
4 .8 , a f a i r l y  h ig h  va lue  re s u lt in g  in  a narrow  su rfa ce  plume which is  
comparable w ith  th a t  fo r  F = 10 shown in  F igu re  5 .3 . C onverse ly , the  
sm a ll Froude number o f  0.033 o f F igu re  6.10b r e s u lts  in  ra p id  su rfa ce  
spread ing  and " la k in g "  o f the e f f lu e n t  around the d i f fu s e r  which can 
be compared w ith  the  plume fo r  F = 0 .1 , F ig u re  5 .2 .
As p a r t  o f  th is  s tu d y , a s e r ie s  o f  experim ents was perform ed over 
the 120 -inch  o u t f a l l  o f the  Los Angeles County S a n ita t io n  D is t r ic t s ,  
shown in  F igu re  6 .1 . A e r ia l photographs were made, and the su rfa ce  
c u rre n t computed from  the movement o f  su rfa ce  dye pa tches. A ttem pts 
to  assess d i lu t io n s  by means o f  ammonia measurements in  seawater 
samples were a lso  made.
These experim ents were la rg e ly  unsu ccess fu l due to  the in fre q u e n t 
s u r fa c in g  o f the plumes. No s a t is fa c to r y  d i lu t io n  measurements were 
o b ta in e d , and the  o n ly  c le a r  photograph o f the  s u r fa c in g  plume was 
ob ta ined  a t about 2:00 p.m. on 21 February 1975; i t  is  shown in  
F igu re  6 .11 . The measured su rfa ce  c u rre n t v e lo c i t y  and d ir e c t io n  a t 
th is  tim e was 0.29 kno ts  (0.149 m /s) a p p ro x im a te ly  p a r a l le l  to  the 
d i f fu s e r  and s h o re lin e . The e f f lu e n t  f lo w  ra te  th rough the  d i f fu s e r  
was about 270 mgd (11.8  m3/ s ) .  The d i f fu s e r  le n g th  is  4440 fe e t
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a) 7-8-69 a t Newport, Oregon. F = 4 .8 .
F ig u re  6 .10  A e r ia l photographs o f  waste plumes (from  Burgess and 
James (1970).
b) 8-20-69 a t  G a rd in e r, Oregon. F = 0 .033 .
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F ig u re  6.11 A e r ia l photograph o f su rfa ce  plume from  120 in ch  o u t f a l l ,  
Los Angeles County S a n ita t io n  D is t r i c t s ,  21 February 1975.
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An experim ent was perform ed to  s im u la te  these c o n d it io n s  in  the 
la b o ra to ry .  Photographs o f  the la b o ra to ry  and f i e l d  plumes are  shown 
in  F ig u re  6 .12 . T rac ings o f  these plumes, and com parison w ith  the 
th e o r e t ic a l p re d ic t io n  o f the  shape, Eq. 3 .43 , a re  shown in  F igu re  6 .13 .
A lthough the  agreement between the  f ie l d  and la b o ra to ry  obse rva tio n s  
is  e x c e lle n t ,  the  photograph o f the  f i e l d  plume is  n o t what i t  seems. 
A n a ly s is  o f the  lo c a t io n  o f the  plume w ith  re sp e c t to  the d i f f u s e r  in d i ­
ca tes th a t  the  su rfa ce  plume to  be d isp la ce d  about 3000 fe e t  downstream 
from  the  upstream end o f the  d i f f u s e r .  Th is d isp lacem ent may be due to  
ambient s t r a t i f i c a t i o n  causing the  waste f i e l d  to  form  beneath the  s u rfa c e . 
A f te r  t h is  i n i t i a l  fo rm a tio n , the  plume may co n tin u e  to  d r i f t  to  the  
s u rfa c e , and appear west o f the  d i f f u s e r .  Another p o s s ib i l i t y  is  th a t 
the plume r is e s  more s lo w ly  due to  am bient s t r a t i f i c a t i o n ,  g ra d u a lly  
spread ing  as i t  r is e s .  In  e i th e r  case, the su rfa ce  f i e l d  is  no t s t r i c t l y  
comparable to  those observed in  the p resen t s tu d y . The gene ra l shape o f 
the  f ie l d  plume, however, suggests th a t  the d is p e rs io n  o f  e f f lu e n t  from  
these ve ry  la rg e  o u t f a l ls  has a mechanism s im ila r  to  th a t  found in  the 
p resen t s tudy .
6.4 Behavior o f  Waste F ie ld  a t  Large D is tances from  the  D if fu s e r
The a n a ly s is  and re s u lts  p resented in  Chapters 3 and 5 are  concerned 
w ith  d is p e rs io n  c lo se  to  the d i f f u s e r .  I t  was found th a t  beyond the
(1353 m) and the  d e n s ity  d i f fe re n c e ,  Δρ/ ρo is  about 0 .026 , th e re fo re  
the Froude number is
F igu re  6.12 Photographs o f la b o ra to ry  and f ie l d  su rfa ce  plumes, F = 1 .5 .
Experiment number JO F ie ld  plume (see F igu re  6 .11)
-156-
F igu re  6.13 T rac ings o f su rfa ce  plumes observed in  the la b o ra to ry  and f i e l d ,  and comparison w ith  th e o ry .
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i n i t i a l  m ix in g  re g io n , the e f f lu e n t  forms a su rfa ce  la y e r  whose 
s t a b i l i t y  impedes fu r th e r  v e r t i c a l  m ix in g . Th is  su rfa ce  la y e r  then 
spreads h o r iz o n ta l ly  due to  i t s  buoyancy, w ith  l i t t l e  a d d it io n a l 
d i lu t io n  o c c u rr in g . A t la rg e  d is ta n ce s  from  the  o u t f a l l ,  however, 
d is p e rs io n  is  dominated by d i f fu s io n  due to  am bient tu rb u le n c e . Th is 
tu rb u le n ce  increases the  s iz e  o f the  e f f lu e n t  f i e l d  and causes 
a d d it io n a l d i lu t io n  by bo th  h o r iz o n ta l and v e r t i c a l  m ix in g . These 
e f fe c ts  are d iscussed in  th is  s e c t io n , w ith  v e r t i c a l  and h o r iz o n ta l 
m ix in g  considered s e p a ra te ly .
V e r t ic a l m ix in g  o f the su rfa ce  f i e l d  due to  ambient tu rb u le n ce  
is  more ra p id  i f  the d e n s ity  s t r a t i f i c a t i o n  is  weak. Th is  d e n s ity  
g ra d ie n t is  in v e rs e ly  p ro p o r t io n a l to  the i n i t i a l  d i lu t io n ,  and so the 
e f fe c t  o f v e r t i c a l  m ix in g  should be most pronounced fo r  h ig h e r d i lu t io n s  
The h ig h e s t d i lu t io n s  occur when the d i f fu s e r  is  p e rp e n d ic u la r to  the 
c u rre n t in  the fo rce d  en tra inm en t regim e. Th is l im i t in g  c o n d it io n  fo r  
v e r t i c a l  m ix ing  w i l l  now be cons ide red .
When the d i f fu s e r  is  o f f i n i t e  le n g th  and the  re c e iv in g  w a te r o f 
f i n i t e  dep th , the e f f lu e n t  must form  a buoyant su rfa ce  la y e r  a t some 
p o in t downstream (F igu re  3 .1 ) .  Th is su rfa ce  la y e r  has a s ta b le  d e n s ity  
p r o f i le  which suppresses fu r th e r  v e r t i c a l  m ix in g . N e ve rth e le ss , ambient 
tu rb u le n ce  w i l l  g ra d u a lly  erode th is  su rfa ce  la y e r  by v e r t i c a l  m ix in g , 
and a t some d is ta n c e  downstream the m ix in g  w i l l  p e n e tra te  to  the su rface  
reduc ing  the su rfa ce  c o n c e n tra tio n . Th is  d is ta n c e  w i l l  now be estim ated
I t  is  assumed th a t  the  am bient tu rb u le n ce  re s u lts  o n ly  from  shear 
a t the low er boundary. E xperim enta l s tu d ie s  o f the s im ila r  problem
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shown in  F igu re  6.14 have been made by Kato and P h i l l ip s  (1969). They 
a p p lie d  a cons tan t s tre s s  τ  = pu* 2 a t  the upper boundary o f  a f lu id  
having  an i n i t i a l l y  l in e a r  d e n s ity  p r o f i le  and found th a t  the  re s u lt in g  
tu rb u le n t  m ix in g  proceeded as shown in  F ig u re  6 .14 . The en tra inm en t 
v e lo c i t y ,  us , o f  f lu id  from  the  low er la y e r  to  the upper was found to  
be described  by
(6 .17 )
where δρ is  the  d e n s ity  jump across the in te r fa c e .  As the  t o t a l  f l u id  
volume is  conserved, the ra te  o f advance o f  the  in te r fa c e  is  g iven  by:
(6 .1 8 )
These re s u lts  can be used to  p re d ic t  the  s u rfa ce  waste f i e l d  e ro s io n  
by v e r t i c a l  m ix in g . I t  is  assumed th a t  the  d e n s ity  p r o f i le  in  the 
su rfa ce  la y e r  is  l in e a r .  Th is  is  reasonab le , s in ce  the  e f f lu e n t  con­
c e n tra tio n s  are a lm ost l in e a r  (see F igu res  5.9 and 5 .1 0 ) . The low er 
la y e r  is  assumed to  be always w e ll-m ix e d  le a d in g  to  the  development o f 
the d e n s ity  p r o f i le s  as shown in  F ig u re  6 .15 . The d e n s ity  o f the  low er 
la y e r  g ra d u a lly  reduces u n t i l  the  e f f lu e n t  is  u n ifo rm ly  m ixed over the 
re c e iv in g  w a te r dep th .
The d e n s ity  d i f fe re n c e ,  δρ, is  g iven  by
C onserva tion  o f  mass s ta te s  t h a t :
(6 .19 )
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F igu re  6.14 Schematic o f experim ent by Kato and P h i l l ip s  (1969) on 
m ix in g  o f a s t r a t i f ie d  f lu i d  due to  boundary shear 
generated tu rb u le n c e .
F igu re  6.15 P o s tu la ted  e ro s io n  o f su rfa ce  waste f ie ld  due to  v e r t i c a l  
m ix in g . Thickness o f  su rfa ce  la y e r ,  h = H-D.
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(6 .20 )
The th ickn e ss  o f  the  su rfa ce  la y e r  ju s t  a f te r  se p a ra tio n  is  h a l f  
the w ater depth (see S ections 3 .3 .1  and 5 .3 ) .  Thus:
(6 .21 )
The d e n s ity  d is t r ib u t io n  in  the  upper la y e r  is  assumed to  be l in e a r ,  
hence:
(6 .2 2 )
where






hence, s u b s t i tu t io n  o f  Eqs. 6.23 and 6.24 in to  6.19 g iv e s :
S u b s t itu t io n  o f Eq. 6.25 in to  6.17 g iv e s :
Combining Eqs. 6.18 and 6.26 we f in d :
whose s o lu t io n  is






(6 .2 9 )
The d is ta n ce  downstream fo r  th is  to  occur is  g iven  by the G a lile a n
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tra n s fo rm a tio n  xm = u tm, hence: 
The s lope  o f the  d e n s ity  p r o f i le  is  g iven  by
where Δρm =  ρm  - ρ r(0 ) ,  and ρm is  the  d e n s ity  a t  the  fre e  su rfa ce  
the d e f in i t io n  o f minimum su rfa ce  d i lu t io n  (Eq. C 9 ):
hence,
The measurements o f minimum su rfa ce  d i lu t io n s  (F ig u re  5 .27) show th a t  
fo r  c u rre n ts  p e rp e n d ic u la r to  the  d i f f u s e r  and F  > 0 .1 :
hence
S u b s t itu t io n  o f  Eqs. 6.33 and 6.32 in to  6 .31  y ie ld s :







S u b s t itu t io n  o f the  d e f in i t io n  o f  buoyancy f lu x  per u n i t  le n g th , b , 
from  Eq. 2 .1  w ith  Eq. 6.34 assuming ρo ≈  ρr , g iv e s :
(6 .35 )
and s u b s t itu t io n  o f  Eq. 6.35 in to  6.30 y ie ld s :
Eq. 6.36 can be w r i t te n :
where f  is  a f r i c t i o n  fa c to r  d e fin e d  by
(6 .36)
(6 .37)
I t  is  in s t r u c t iv e  to  compare the va lues o f xm computed from  Eq. 6.37
w ith  the  d is ta n ce  re q u ire d  fo r  the com p le tion  o f  v e r t i c a l  m ix in g  due to
g r a v ita t io n a l d i f fu s io n .  For example, experim ent H3 ( s im ila r  to  G3,
F igu re  5 .3 ) has F = 11 .4 , Re = 12,340, and H = 8 .1  cm (Table  5 .1 ) .  The
b as in  su rfa ce  roughness, ds /4H, where d is  the sand g ra in  d iam ete r is 
0 .0 8 /4  x 8 .1  = 0.0025, hence from  the  Moody f r i c t i o n  fa c to r  diagram , we 
f in d  f  = 0 .034 . Eq. 6.37 becomes:
hence
The d is ta n c e  fo r  the d i lu t io n  a t the  su rfa ce  to  reach i t s  l im i t in g  
(minimum) va lue  is  about 7H (F ig u re  5 .1 0 ) . As the d is ta n c e  fo r  com p le tion  
o f  g r a v ita t io n a l m ix in g  is  much le s s  than th a t  p re d ic te d  fo r  ambient 
tu rb u le n ce  to  a f fe c t  v e r t i c a l  m ix in g , i t  is  concluded th a t  ambient 
tu rb u le n ce  w i l l  n o t a f fe c t  the  i n i t i a l  d i lu t io n  fo r  F < 10. However, 
we now cons ide r the case o f  h ig h e r Froude numbers, fo r  example experim ent 
L4(R 1). From Table 5 .1  we f in d :  F = 98; H = 4.05 cm; Re = 12,540. The 
b as in  su rfa ce  roughness is  0 .0 8 /4  x 4.05 = 0 .005 , and from  the  Moody 
diagram  we f in d  f  = 0 .038 . Eq. 6.37 then becomes:
hence
Th is  v e ry  s h o rt d is ta n c e  im p lie s  th a t  am bient v e r t i c a l  m ix in g  is  
a f fe c t in g  the  i n i t i a l  d i lu t io n  in  th is  case. Th is  co n c lu s io n  is  
supported by the  photograph o f a s im ila r  plume, G6, F ig u re  5 .4 , which 
shows fu zzy  edges presumably due to  the am bient tu rb u le n c e . A ls o , the 
shape o f the decay curve o f  c o n c e n tra tio n  f lu c tu a t io n s  fo r  experim ent
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L4(R 1), F ig u re  5 .11 , is  n o t p a r a l le l  to  those fo r  F ≈  1 o r  10. The 
s low er decay ra te  is  fu r th e r  evidence o f  the  e f fe c ts  o f  am bient 
tu rb u le n c e . F in a l ly ,  by u s ing  an a n a ly s is  s im ila r  to  th a t  o f  Cederwall 
(1971), i t  can be shown th a t  the d is ta n c e  downstream fo r  the  buoyant 
e f f lu e n t  to  reach the  su rfa ce  (about 1H fo r  F = 1 , F ig u re  5 .9 , and 2H 
fo r  F = 10, F igu re  5 .10 ) are much le s s  than those expected fo r  ambient 
tu rb u le n t  d i f f u s io n .  Only as F approaches 100 do these d is tan ces  
become comparable.
I t  is  concluded th a t  am bient tu rb u le n ce  o n ly  a f fe c ts  i n i t i a l  
d i lu t io n s  in  the  model fo r  F >> 10. Th is  c o n c lu s io n  is  based on the 
assumption th a t  ambient tu rb u le n c e  is  generated o n ly  by shear a t  the 
low er boundary. I f  the tu rb u le n ce  is  generated by o th e r means, fo r  
example wind shear, the c o n c lu s io n  may n o t be v a l id .  F r ic t io n  
fa c to rs  in  the ocean are g e n e ra lly  le s s  than those o f the b a s in , so 
the e f fe c ts  o f ambient tu rb u le n c e  generated by low er boundary shear on 
v e r t i c a l  m ix in g  would be le s s  in  the  ocean than in  the model. Hence, the 
co n c lu s io n  th a t  i n i t i a l  d i lu t io n s  are o n ly  a f fe c te d  by ambient tu rb u le n ce  
generated by low er boundary shear fo r  F >> 10 should a ls o  app ly  in  the 
ocean.
H o r iz o n ta l m ix in g  due to  ambient tu rb u le n ce  w i l l  now be co n s id e re d .
The h o r iz o n ta l d i f f u s io n  c o e f f ic ie n t  o f  ambient tu rb u le n c e , εz , in creases
w ith  the s iz e  o f  the e f f lu e n t  f i e l d .  Koh and Brooks (1975) assume the 
4 /3  power law  to  be a p p lic a b le ,  th a t  is ,
(6 .38 )
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where w is  a measure o f the s iz e  o f the  e f f lu e n t  f i e l d . λ is  a
cons tan t whose va lue  has been estim a ted  to  l i e  between 6 .8  x  10-5  and 
2 .3  x  10-3 m2 /3 /s .  Brooks (1960) ob ta ined  a s o lu t io n  fo r  h o r iz o n ta l 
spread ing  from  a l in e  source o f  le n g th  Lo due to  am bient tu rb u le n c e  as
(6 .39 )
where w is  a measure o f the plume w id th , and εo = λLo4/3. The ra te  o f 
plume growth due to  ambient tu rb u le n ce  is  ob ta ined  by d i f f e r e n t ia t in g  
Eq. 6.39 w ith  re sp e c t to  x . The r e s u lt  is
(6 .40)
The i n i t i a l  plume w id th , Lo , should be g re a te r than L due to  buoyant 
sp read ing , bu t be o f  o rde r L , hence we assume
(6 .41)
where γ is  a cons tan t p roba b ly  ly in g  between 1 and 10.
I t  is  assumed th a t  the d is ta n c e  downstream fo r  am bient tu rb u le n ce  
to  beg in  a f fe c t in g  h o r iz o n ta l spread ing  is  so la rg e  th a t the  buoyant 
spread ing  is  in  the regime governed by in t e r f a c ia l  shear (see S ection  
3 .5 ) .  The ra te  o f su rfa ce  plume grow th due to  buoyant spread ing  is  
then g iven  by Eq. 3.60 as:
(6 .42 )
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where wb is  the plume s iz e  due to  buoyant sp read ing . Eq. 6.42 a p p lie s
o n ly  fo r  a c u rre n t p e rp e n d ic u la r to  the  d i f f u s e r  in  the  fo rce d  e n tra in ­
ment reg im e. The ra te  o f plume grow th is  g iven  by Eq. 3 .55 , hence Eq. 
6.42 becomes:
(6 .43 )
An e s tim a te  o f  the  d is ta n c e  from  the  source where am bient tu rb u le n ce  
beg ins to  a f fe c t  h o r iz o n ta l spread ing  can be ob ta ined  by f in d in g  the 
p o in t  a t which the  plume growth ra te s  due to  tu rb u le n ce  and buoyant 
spread ing are  equa l. D enoting th is  d is ta n c e  by x t , s e t t in g  Eqs. 6.42 
and 6.40 equ a l, and s u b s t itu t in g  Eq. 6 .4 1 , we f in d :
(6 .44 )
where
Eq. 6.44 must be so lved n u m e r ic a lly  fo r  ηt .
To g ive  an example, we cons ide r the plume from  the  Samoa o u t f a l l  
shown in  F igu re  6 .9 . The fo llo w in g  data  a re  e x tra c te d  from  Tables 6.1 
and 6 .2 : F = 1 .52 ; L = 500 f t  (152 m ); u = 0.45 f t / s  (0 .137 m /s );
H ≈  30 f t  (9 .14 m ).
The es tim a ted  va lue  o f x t /L  depends s tro n g ly  on the va lue  o f λ.
 Taking the  extremes o f  λ = 6 . 8  x  10-5 and 2 .3  x  10-3 m2 /3 /s  y ie ld s  va lues 
o f x t /L  o f 105 and 1 .6 , r e s p e c t iv e ly .  An in te rm e d ia te  va lue  o f 
λ  = 4 .6 4  x  10-4  m2 /3 /s  (0 .01 cm2 /3 /s )  y ie ld s  a va lue  o f x t /L  = 11. These
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va lues were c a lc u la te d  fo r  γ = 1 ( i . e . ,  Lo = L) and ε / ρo = 10-6 m 2/s .  x t /L
is  le s s  dependent on γ and ε .  Changing γ from  1 to  5 changes x t /L  from
11 to  8 and changing ε /ρ o from  10-6 to  10-4 m 2/s  changes x t /L  from  11 to  5.
Thus, th e re  is  c o n s id e ra b le  u n c e r ta in ty  in  the t r a n s i t io n  d is ta n c e  fo r
tu rb u le n t  d i f fu s io n  due p r im a r i ly  to  the  u n c e r ta in ty  in  the tu rb u le n t
d i f f u s io n  c o e f f ic ie n t .  However, the in te rm e d ia te  va lue  o f  λ =
4 .6 4  x  10-4 m2 /3 /s  is  p roba b ly  a reasonab le  e s tim a te , suggesting  a va lue  
o f  xt o f about 10L. Th is  p o in t is  a p p ro x im a te ly  the  beg inn ing  o f the 
second plume shown in  F ig u re  6 .9 . The f r i c t i o n  fa c to r ,  f ,  was es tim ated  
to  l i e  between 0.018 and 0 .028 , r e s u lt in g  in  es tim a tes  o f  xm fo r  v e r t i c a l  
m ix in g  from  Eq. 6.37 o f between 21L and 41L. These re s u lts  im p ly  th a t 
the p o r t io n  o f the  su rfa ce  plume shown in  F igu re  6 .9  is  u n a ffe c te d  by 
am bient tu rb u le n c e .
I t  is  a lso  o f in te r e s t  to  compute x t  fo r  the  120 in c h  o u t f a l l  o f  the 
Los Angeles County S a n ita t io n  D is t r ic t s ,  where L = 4440 f t  (1353 m ),
H = 200 f t  (61 m ), and the average d a i ly  f lo w  is  210 mgd (9 .2  m3/ s ) .
Assuming in te rm e d ia te  param eter va lues  o f :  λ = 4 .6 4  x  10-4 m2 /3 /s ;
γ = 2 ;  ε = 10-5 m 2/s ,  the  t r a n s i t io n  d is ta n c e , xt is  p re d ic te d  to  
in c rea se  from  2L to  6L as the c u rre n t speed increases  from  0 .1  kno t to  
0 .5  k n o t. The d is ta n c e  o f the d i f fu s e r  from  the s h o re lin e  is  ro u g h ly  
2L (F ig u re  6 .1 ) ,  suggesting  th a t  h o r iz o n ta l m ix in g  w i l l  no t 
s ig n i f ic a n t ly  a f fe c t  d is p e rs io n  in  the v i c i n i t y  o f  the s h o re lin e .
The re s u lts  o f t h is  s e c t io n  suggest th a t  h o r iz o n ta l spread ing  is  
governed by buoyancy fo rc e s  and no t by ambient tu rb u le n ce  in  the  v i c i n i t y  
o f the s h o re lin e . Furtherm ore , the su rfa ce  d i lu t io n  a t the s h o re lin e  
may be the same as th a t  r e s u lt in g  from  the  i n i t i a l  d i lu t io n ,  as the
-170 -
subsequent v e r t i c a l  o r h o r iz o n ta l m ix in g  due to  ambient tu rb u le n c e  may 
be n e g l ig ib le .  Al though these conc lus ions  are  ve ry  te n ta t iv e ,  the 
im portance o f  the s h o re lin e  area m e rits  fu r th e r  in v e s t ig a t io n  o f the 
r e la t iv e  ro le s  o f ambient tu rb u le n ce  and buoyancy fo rc e s  in  e f f lu e n t  




7.1 In tro d u c t io n
Experim ents were perform ed to  in v e s t ig a te  the  f lo w  f i e l d  c rea ted  
by a s im ple  l in e  plume o f  f i n i t e  le n g th  in  a steady c u rre n t o f  u n ifo rm  
d e n s ity .  The r e s u lts  can be used to  a id  in  the  p re d ic t io n  o f  d is p e rs io n  
o f  buoyant waste w a te r re leased  from  l in e  d i f fu s e r s  o f  le n g th , L , much 
g re a te r  than the  w a te r dep th , H. The range o f v a r ia b le s  in v e s tig a te d  
was chosen to  cover those ty p ic a l  o f sewage d ischarges  in to  the  ocean.
7.2 Flow Regimes
The d is p e rs io n  p a t te rn  fo r  c u rre n ts  p e rp e n d ic u la r  to  the  d i f fu s e r  
can take  one o f th re e  forms depending on the  va lue  o f  a Froude number,
F, d e fin e d  by:
where u is  the  c u rre n t speed, and b the  buoyancy f lu x  per u n i t  le n g th , 
d e fin e d  by Eq. 2 .1 . These regim es are shown in  F ig u re  2 .3  fo r  a l in e  
d i f fu s e r  between two p a r a l le l  w a lls .  For F < 0 .2  a plume p a tte rn  
r e s u lts  and a su rfa ce  wedge forms w h ich spreads upstream a g a in s t the 
c u r re n t.  For F  > 0 .2  the  plume mixes over the  re c e iv in g  w a te r dep th , 
a s i tu a t io n  denoted as fo rce d  e n tra in m e n t, F igu re  2 .3b , and fo r  F  > 1 
the  upstream wedge is  swept away, F igu re  2 .3 c .
When the  d i f fu s e r  is  o f f i n i t e  le n g th , and F < 1, a r e s u lt in g  up­
stream  wedge causes the  w id th  o f the  su rfa ce  f i e l d  a t the  d i f f u s e r  to
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be g re a te r than the  d i f fu s e r  le n g th , fo r  example, F ig u re  5 .2 . For 
F > 0 .2 , the  d i lu te d  e f f lu e n t  is  f i r s t  a ttached  to  the  low er boundary, 
b u t separa tes a t some p o in t downstream, as shown fo r  F ≈  10 in  the  pho to­
graph o f F igu re  5 .3 . The re g io n  o f low er boundary a ttachm ent is  the  dark 
t r ia n g le  ex tend ing  about th re e  d i f f u s e r  le n g th s  downstream. The l im i t s  
o f the  zone o f low er boundary attachm ent are s t r a ig h t .  The le n g th  o f 
the  low er boundary attachm ent was p re d ic te d  to  be p ro p o r t io n a l to  the  
d i f fu s e r  le n g th  and independent o f c ro s s - f lo w  Reynolds number, Re = 4uH/ν.
T h is  p re d ic t io n ,  Eq. 3 .24 , was v e r i f ie d  by the  experim ents in  the  range 
1 < F < 36, 3.7 < L/H < 15, a re  2900 < Re < 12,300.
In  the  case o f  a d i f fu s e r  p a r a l le l  to  the  c u r re n t,  the  tw o - la y e r 
f lo w  formed im m ed ia te ly  w ith o u t low er boundary a ttachm ent. Th is 
occurred  fo r  a l l  Froude numbers up to  the  maximum observed va lue  o f 100.
7.3 D i lu t io n s
The norm a lized  su rfa ce  d i lu t io n ,  Smq/uH, where Sm is  the  minimum
su rfa ce  d i lu t io n ,  q is  the volume f lu x  o f e f f lu e n t  per u n i t  d i f f u s e r  
le n g th , and H is  the w a te r dep th , was found to  be independent o f  L/H 
in  the  range 3.7 < L/H < 30, and Re in  the  range 1190 < Re < 12,900.
The re s u lts  cou ld  be expressed as:
where θ is  the ang le o f  the d i f fu s e r  to  the c u rre n t (F igu re  2 .1 ) .  The 
expe rim en ta l r e s u lts  are shown in  F ig u re  5 .27 . For F le s s  than about 
0 .1 , d i lu t io n  is  independent o f the  c u rre n t speed and d ir e c t io n .
For F  > 0 .1 , d i lu t io n s  depend on the c u rre n t d i r e c t io n ,  and fo r  a
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c u rre n t f lo w in g  p e rp e n d ic u la r to  the d i f f u s e r ,  d i lu t io n  is  p ro p o r t io n a l 
to  c u r re n t speed. When the d i f f u s e r  is  p a r a l le l  to  the  c u r re n t,  
d i lu t io n  does no t in c rea se  so r a p id ly  w ith  c u r re n t speed. In  g e n e ra l, 
a d i f fu s e r  o r ie n te d  p a r a l le l  to  the  c u rre n t r e s u lts  in  a th in n e r ,  more 
concen tra ted  su rfa ce  waste f i e l d  than one p e rp e n d ic u la r to  the  c u r re n t.  
For F g re a te r than about 10, the  d i lu t io n  achieved by a d i f fu s e r  
p a r a l le l  to  the  c u rre n t is  about fo u r  tim es s m a lle r than one pe rpend icu­
la r  to  the c u r re n t.  C onverse ly , a d i f fu s e r  a p p ro x im a te ly  fo u r  tim es as 
long would be re q u ire d  fo r  equal d i lu t io n s  i f  the d i f f u s e r  is  p a r a l le l ,  
ra th e r  than p e rp e n d ic u la r  to  the  c u r re n t.
7.4 In te rn a l S tru c tu re
The fo rce d  en tra inm en t ( F > 0 .2 )  i n i t i a l  m ix in g  process is  d is ­
cussed in  S ec tion  3 .3 .2 .  Buoyancy-induced m ix in g  is  l im ite d  to  a f i n i t e  
h o r iz o n ta l d is ta n c e  downstream because the  f re e  s u rfa c e , w hich causes 
a v e r t i c a l l y  s ta b le  d e n s ity  p r o f i le  to  deve lop , damps the  m ix in g  and 
causes i t  to  decrease w ith  d is ta n c e  from  the  source . Because o f the 
development o f the s ta b le  d e n s ity  p r o f i le ,  su rfa ce  d i lu t io n s  are o n ly  
58% o f those p re d ic te d  by assuming u n ifo rm  m ix in g  over the  re c e iv in g  
w a te r depth in  the  range 0 .1  < F <  100. Beyond the m ix in g  zone is  an 
e q u il ib r iu m  re g io n  where the  shape o f the  v e r t i c a l  c o n c e n tra tio n  p r o f i le  
does n o t change w ith  d is ta n c e  downstream. Examples o f c o n c e n tra tio n  
p r o f i le s  are  shown in  F igu res  5.13 and 5 .14 . The su rfa ce  la y e r  th ickn e ss  
o u ts id e  the  zone o f low er boundary a ttachm ent up to  the p o in t  o f 
s e p a ra tio n  is  h a l f  the re c e iv in g  w a te r dep th . Beyond th is  p o in t  the 
su rfa ce  la y e r  th in s  as i t  spreads h o r iz o n ta l ly .
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D isp e rs io n  when the  c u rre n t is  p a r a l le l  to  the d i f f u s e r  has se ve ra l 
c h a r a c te r is t ic s .  P r o f i le s  tra n sve rse  to  the  c u rre n t show the su rfa ce  
la y e r  th ickn e ss  and e f f lu e n t  c o n c e n tra tio n s  to  be le a s t  on the c e n te r lin e  
im m ed ia te ly  downstream o f  the  d i f fu s e r ,  r e s u lt in g  in  a c le a r  zone,
F igu re  5 .16 , which p e rs is ts  fo r  some d is ta n c e  downstream fo r  1 < F < 100. 
The e f f lu e n t  c o n c e n tra tio n  on the c e n te r lin e  near the  su rfa ce  is  a p p ro x i­
m a te ly  cons tan t u n t i l  the downstream d i f fu s e r  end. I t  then suddenly drops 
in  the  c le a r  zone and subsequently  in creases downstream due to  h o r iz o n ta l 
m ix in g . Hence, the tra n s v e rs e  su rfa ce  c o n c e n tra tio n  p r o f i le s  are b im oda l, 
w ith  the minimum su rfa ce  d i lu t io n  o c c u rr in g  o f f  the c e n te r l in e  a t  the 
s ides o f the  d i f f u s e r ,  fo r  example, F igu re  5 .21 . The th ickn e ss  o f the 
su rfa ce  la y e r  is  everywhere le ss  than h a l f  the  re c e iv in g  w a te r dep th .
Flows fo r  in te rm e d ia te  c u rre n t d ire c t io n s  can possess c h a ra c te r­
is t i c s  o f both  p a r a l le l  and p e rp e n d ic u la r c u r re n ts ,  fo r  example, F igu re  
5 .24 . Here, fo r  F ≈  1, an upstream wedge fo rm s, as fo r  a p e rp e n d ic u la r 
c u r re n t,  bu t a c le a r  zone forms a ls o , as fo r  a p a r a l le l  c u r re n t.  For 
s tro n g e r c u rre n ts  (F igu re  5 .25) the  f lo w  becomes s im ila r  to  th a t  fo r  
a p e rp e n d ic u la r c u r re n t,  w ith  a zone o f low er boundary a ttachm ent 
ex tend ing  some d is ta n ce  downstream.
7.5 Buoyant Surface Spreading
The dynamics o f buoyant su rfa ce  spread ing  were d iscussed in  Sections 
3 .3 , 3 .4 , and 3 .5 . I t  was p re d ic te d  th a t  v a r io u s  growth laws cou ld  
app ly  due to  the changing w ith  d is ta n c e  downstream o f bo th  the  in f lu e n c e  
o f  source geometry and the types o f fo rce s  dom ina ting  the sp read ing .
Three growth laws were id e n t i f ie d ;  they are shown in  F igu re  3 .5 .
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For F≥ 1 i t  was p re d ic te d  th a t  near to  the source spread ing  would
be c o n tro lle d  by a balance o f p ressu re  and in e r t ia  fo rc e s . The source 
geometry would be im p o rta n t, r e s u lt in g  in  a l in e a r  grow th ra te  o f the 
su rfa ce  f i e l d  w ith  d is ta n c e  downstream. The growth ra te  was p re d ic te d  
to  be independent o f L /H , fo r  L/H  >> 1, and Re. The r e s u l t s ,  F igu re  
5 .18 , confirm ed the  p re d ic t io n  fo r  sp read ing  in  a p a r a l le l  c u rre n t 
Eq. 3 .43 , f o r  1 < F < 100, 3.7 < L/H < 15, and 2500 < Re < 12,740. For 
th is  range o f v a r ia b le s  the su rfa ce  f i e l d  was l in e a r  a t le a s t  up to  the 
downstream d i f fu s e r  end. The r e s u lts  fo r  f lo w  p e rp e n d ic u la r to  the 
d i f f u s e r ,  F ig u re  5 .11 , con firm ed the  p re d ic t io n ,  Eq. 3 .26 , fo r
3 .7  < L/H < 15, and 2,900 < Re < 12,300.
Beyond th is  i n i t i a l  l in e a r  sp read ing  re g io n , i t  was specu la ted  th a t 
a f lo w  regime m ight e x is t  where the e f fe c t  o f source geometry is  un­
im p o rta n t. T h is  r e s u lts  in  a re g io n  where the  plume w id th  grows as the 
2 /3-pow er o f  d is ta n c e  downstream, Eq. 3 .47 . The re s u lts  fo r  su rfa ce  
spread ing  fo r  p e rp e n d ic u la r c u r re n ts ,  F igu res  5 .7 , 5 .8 , and 5 .9 , showed 
some o f the plumes to  d is p la y  th is  2/3-pow er grow th law .
Far from  the d i f f u s e r  the su rfa ce  spread ing  is  assumed to  be re s is te d  
p r im a r i ly  by in t e r f a c ia l  shear; a 1 /5-pow er growth law  is  p re d ic te d , Eq. 
3 .62 . The re s u lts  suggested th a t  none o f  the plumes extended f u l l y  in to  
th is  reg im e.
Loca tions  o f these t r a n s it io n s  between the d i f f e r e n t  regimes a re , in  
ge n e ra l, fu n c t io n s  o f F, L /H , and Re. The su rfa ce  plume was found to  be 
l in e a r  a t  le a s t  up to  the p o in t  o f low er boundary se p a ra tio n  fo r  perpen­
d ic u la r  c u rre n ts  fo r  1  < F <  10, 3 .7 <  L/H < 15 and 5,300 < Re < 12,300. 
Only fo r  a v e ry  low  Re f lo w  (G8, Re = 2900) d id  the plume become n o n lin e a r
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in  a s h o r te r  d is ta n c e .
For F < 1 an upstream wedge fo rm s, and the  su rfa ce  f i e l d  is  p re ­
d ic te d  to  be s tro n g ly  a f fe c te d  by in t e r f a c ia l  shear and hence to  grow 
as the 1/5-pow er o f d is ta n ce  downstream. The r e s u lts ,  F ig u re  5 .7 , show 
th is  r e s u l t .
The data are inadequate to  f u l l y  c o n firm  the  p re d ic te d  f a r - f i e l d  
spread ing  ra te s .  Only the  p re d ic te d  i n i t i a l  l in e a r  growth ra te s  fo r  
F ≥ 1 a re  confirm ed by the  re s u lts  w i th in  the  s p e c if ie d  l im i t s  o f  F,
L /H , and Re. However, the  f a r - f i e l d  growth ra te  must be le s s  than the 
i n i t i a l  r a te ,  so the p re d ic t io n  o f  the i n i t i a l  growth ra te ,  Eq. 3.43 
fo r  p a r a l le l  c u r re n ts ,  o r Eq. 3.26 fo r  p e rp e n d ic u la r c u r re n ts ,  can be 
used to  p re d ic t  an upper l i m i t  to  the s iz e  o f  the su rfa ce  waste f ie l d .
7.6 E f fe c ts  o f  Ambient Turbulence
A t la rg e  d is ta n ce s  from  the source , m ix in g  is  e f fe c te d  by ambient 
tu rb u le n c e . An es tim a te  was made fo r  the d is ta n c e  re q u ire d  fo r  the  
su rfa ce  d i lu t io n  to  be a f fe c te d ,  assuming th a t  v e r t i c a l  m ix in g  re s u lts  
from  tu rb u le n ce  generated by shear a t the  low er boundary. I t  was con­
cluded th a t  am bient tu rb u le n ce  in  the  model o n ly  a f fe c ts  the  i n i t i a l  
d i lu t io n  fo r  F  >> 10. The e f fe c t  on h o r iz o n ta l d is p e rs io n  was estim ated 
by co n s id e rin g  the asym p to tic  s o lu t io n  fo r  h o r iz o n ta l d i f f u s io n  due to  
ambient tu rb u le n c e . A t d is ta n ce s  o f p r a c t ic a l in te r e s t  from  ve ry  long  
d if fu s e rs  (e .g . to  the  s h o re l in e ) ,  i t  is  p o s s ib le  th a t  ambient tu rb u le n ce  
cou ld  have no s ig n i f ic a n t  e f fe c t  on d i lu t io n  o f  the waste f ie l d  o r on 
h o r iz o n ta l spread ing  (which is  dominated by buoyancy fo r c e s ) .
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7.7 Comparisons w ith  O ther S tud ies
There are  few data  a v a ila b le  on m u lt ip o r t  d i f fu s e r s  w ith  which to  
compare the  p resen t r e s u lts .  There a re  no data a v a ila b le  on th re e -  
d im ens iona l d is p e rs io n  fo r  F g re a te r than about 0 .1 . Comparisons w ith  
tw o -d im ens iona l s tu d ie s  show the  re s u lts  to  approach those o f the 
p resen t s tudy fo r  F  > 1. For s m a lle r Froude numbers, however, d i lu t io n s  
measured in  tw o-d im ens iona l s tu d ie s  are  about 50% h ig h e r than those 
found in  the  p resen t s tu d y . Th is  is  p roba b ly  due to  d iffe re n c e s  in  f lo w  
p a tte rn s  between two and th re e -d im e n s io n a l f lo w s .
F ie ld  s tu d ie s  o f paper m i l l  o u t f a l l s  ob ta ined  d i lu t io n  measurements 
w hich sometimes agreed and sometimes d isagreed w ith  the  re s u lts  o f the 
p resen t s tu d y . The f i e l d  measurements were in c o n s is te n t,  however, and 
the d isc re p a n c ie s  may be due to  u n c e r ta in t ie s  in  the  f i e l d  measurements, 
p a r t ic u la r ly  in  c u r re n t d a ta . The beh av io r o f  the  su rfa ce  plumes showed 
q u a l i ta t iv e  agreement w ith  th a t  re p o rte d  he re .
7.8 C onclusions
The e f fe c t  o f a f i n i t e  d i f fu s e r  le n g th  is  im p o rta n t in  d e te rm in ing  
e f f lu e n t  d is p e rs io n  in  an am bient c u r re n t.  Even though the le n g th  may 
be ve ry  much g re a te r than the  w a te r dep th , the f lo w  cannot be considered 
to  be tw o -d im en s iona l. The o r ie n ta t io n  o f the d i f f u s e r  to  the c u rre n t 
a lso  a f fe c ts  d is p e rs io n . In  g e n e ra l, a d i f fu s e r  p a r a l le l  to  the c u rre n t 
r e s u lts  in  a th in n e r ,  more concen tra ted  su rfa ce  la y e r  than a d i f fu s e r  
p e rp e n d ic u la r to  the c u r re n t.  For a p e rp e n d ic u la r c u r re n t when F  > 0 .2 , 
the e f f lu e n t  i n i t i a l l y  mixes over the  re c e iv in g  w a te r dep th ; however, 
i t  does n o t become u n ifo rm ly  mixed fo r  0 .2  <  F ≤ 100, w ith  the  minimum
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su rfa ce  d i lu t io n  in  th is  range be ing  about 60% o f th a t  p re d ic te d  fo r  
com plete u n ifo rm  m ix in g .
7.9 Recommendations
I t  is  recommended th a t  the  r e s u lts  o f the p resen t s tudy be used in  
ocean o u t f a l l  des ign . F ie ld  s tu d ie s  o f o p e ra tin g  o u t f a l ls  should be 
conducted to  assess the s c a lin g  e r ro rs  in h e re n t in  a p p ly in g  la b o ra to ry  
measurements to  f u l l  s iz e  c o n d it io n s .  The e f fe c ts  o f  am bient tu rb u le n ce  
and the  mechanism o f in t e r f a c ia l  shear should a lso  be in v e s tig a te d  in  
the f i e l d .
7.10 S ig n if ic a n c e  o f R e su lts  f o r  P ra c t ic a l A p p lic a t io n s
The p resen t research  shou ld  have s ig n i f ic a n t  im pact on o u t f a l l  
design because i t  c o n c lu s iv e ly  dem onstrates the  e r ro r  in  assuming tw o- 
d im ensiona l f lo w  fo r  l in e  d i f fu s e r s  p e rp e n d ic u la r to  a c u r re n t,  even 
when the le n g th  o f the d i f fu s e r  is  an o rd e r o f  magnitude g re a te r than 
the  dep th . The th re e -d im e n s io n a l f lo w  f ie l d  has been d e fin e d  here in  
a manner which makes the  re s u lts  im m ed ia te ly  a p p lic a b le  to  ocean sewer 
o u t f a l l  des ign . These re s u lts  should be much more r e l ia b le  than any 
p rev ious  models based on tw o-d im ens iona l f lo w s . A ls o , fo r  the f i r s t  
tim e the e f fe c t  o f d i f fu s e r  o r ie n ta t io n  has been e x p e rim e n ta lly  measured. 
The reader is  cau tioned  th a t  the r e s u lts  are found to  be independent o f 
Reynolds number o n ly  fo r  Re < 1 .3  x  104; they have no t been v e r i f ie d  fo r  
R e  ≈ 106 , which is  more t y p ic a l o f  ocean c o n d it io n s .
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a. In tro d u c t io n
The a n a ly s is  o f  the  experim ents described  in  th is  re p o r t  assumes 
the source to  produce a pure l in e  plume in  a s ta te  o f f u l l y  developed 
tu rb u le n c e . In  o rd e r to  assess these assum ptions, a s e r ie s  o f e x p e r i­
ments was perform ed. V e r t ic a l ,  p a r a l le l  w a lls  were p laced p e rp e n d ic u la r 
to  each end o f the  d i f f u s e r  to  produce a tw o -d im en s iona l f lo w . Con­
c e n tra t io n  p r o f i le s  across the  r is in g  plume and the  ra te  o f  su rfa ce  
spread ing  were measured in  s tagnan t re c e iv in g  w a te r. The re s u lts  were 
compared w ith  those ob ta ined  from  la rg e r  sca le  s tu d ie s . These e x p e r i­
ments and the  r e s u lts  ob ta ined  are summarized in  th is  appendix.
b . A n a ly s is
A pu re , f u l l y  tu rb u le n t  plume is  c h a ra c te r iz e d  o n ly  by the  source 
buoyancy f lu x  per u n i t  le n g th , b . For a source d is c h a rg in g  a sm a ll 
volume f lu x ,  q , b is  de fin e d  by Eq. 2 .1  as:
where ρr and ρo are the  d e n s it ie s  o f the  re c e iv in g  w a te r and e f f lu e n t ,  
and g is  the  a c c e le ra t io n  due to  g r a v ity .  I t  is  assumed th a t  d e n s ity  
changes in  the f lo w  f i e l d  are sm a ll compared w ith  the  a b so lu te  d e n s ity ,  
and a f fe c t  o n ly  the  g r a v ita t io n a l and n o t the in e r t ia  fo rc e s  (the  
Boussinesq assum ption). The buoyant w e igh t ( ρr  - ρ)g , i s  then a dependent
(A.1)
v a r ia b le ,  and we can w r i te :
where ρr is  e lim in a te d  as a dependent v a r ia b le  by use o f the Boussinesq 
assum ption. y and x  are the  v e r t i c a l  and h o r iz o n ta l d is tan ces  from  the 
source , re s p e c t iv e ly .  A d im ensiona l a n a ly s is  o f  Eq. A .2 y ie ld s :
and b (Eq. A .1) in to  Eq. A .3, and re a rra n g in g , we o b ta in :
(A .4)
Experim ents to  determ ine the form  o f Eq. A .4 have been perform ed by 
Rouse, Y ih , and Humphreys (1952), who measured tem pera tures and v e lo c it ie s  
in  the convec tive  flo w  above a l in e  b u rn e r. A lthough  t h e i r  data showed 
co ns ide rab le  s c a t te r ,  they expressed the r e s u lt  f o r  tem pera ture  and 
d e n s ity  d is t r ib u t io n  as:
A -2






where is  the  s p e c i f ic  hea t and ω the  c o e f f ic ie n t  o f  the rm a l expansion. 
I t  is  assumed th a t  the  buoyancy f lu x  is  produced by a source volume f lu x ,  
q, o f  h o t w a ter o f mass d e n s ity  ρo . b is  then g iven  by Eq. A .1 and, by 
assuming ρr ≈  ρo, d e f in in g  S as in  Eq. C9, then Eq. A .5 can be w r i t te n  
in  the  form  o f  Eq. A .4 as:
(A .6)
More re ce n t experim ents have been perform ed by K o tsov inos (1975).
He measured v e lo c i t ie s  w ith  a la s e r  D oppler v e lo c im e te r and tem pera ture 
by fa s t  response th e rm is to rs  above a tw o -d im ens iona l heated w a te r j e t .  
Ko tsovinos v a r ie d  the source param eters to  cover f lo w  c o n d it io n s  
rang ing  from  a pure j e t  to  a pure plume. K o tso v in o s ' r e s u lts  fo r  plumes 
a t la rg e  d is tan ces  from  the o r ig in  can be expressed in  the  same form  as 
Eq. A .5, assuming ρo ≈ ρr , as:
(A.7)
where b was computed from  the  therm a l energy per u n i t  w id th , H, convected 
away from  the source by the r e la t io n :
A -4
where σT and K1T are e xpe rim e n ta l co n s ta n ts . By fo llo w in g  the same 
arguments o u t lin e d  above, Eq. A .7 can be w r i t te n  as:
in  c o n tra s t to  the r e s u lt  o f Rouse, Y ih , and Humphreys, Eq. A .6. 
K o tsovinos showed th a t  the method used by Rouse, e t a l .  to  compute b 
was in c o r re c t  in  n e g le c t in g  the tu rb u le n t  hea t f lu x ,  and a lso  in  
assuming a cons tan t va lu e  o f the  the rm a l expansion c o e f f ic ie n t .  
Ko tsov inos computed b from  th e  known hea t f lu x  a t the source and used 
a v a r ia b le  the rm a l expansion c o e f f ic ie n t  computed a t the  lo c a l tempera­
tu re .  Hence, the exp ress ion  fo r  d i lu t io n  in  a pure plume in  a s tagnan t 
medium due to  K o tsov inos , Eq. A .9 , is  p ro b a b ly  more r e l ia b le  than th a t 
due to  Rouse, Y ih , and Humphreys, Eq. A .6.
A f te r  the f lo w  reaches the  s u rfa c e , the m otion o f the  e f f lu e n t  
becomes h o r iz o n ta l as i t  spreads la t e r a l l y  under the  fo rc e  o f  g r a v ity  
(see F igu re  2 .5 ) .  The su rfa ce  spread ing ra te  can be p re d ic te d  in  a 
manner s im ila r  to  th a t  used by Koh and Fan (1970) in  a n a lyz in g  the  
problem  shown in  F igu re  2 .6 . A lthough  the submerged source case d i f f e r s  
from  the  su rface  source in  th a t  the fo rm er has e n tra in e d  f lo w  in  the
(A .8)
K o tsov inos recommends va lues  o f σT and K1T as 0.42 and 0 .1 4 , respec­
t iv e l y ,  and so Eq. A .8 becomes:
(A.9)
A -5
low er la y e r ,  the same power laws would be expected to  app ly  in  bo th  
s i tu a t io n s .
The i n i t i a l  sp read ing  ra te ,  uf , i s  p re d ic te d  to  be c o n s ta n t, and 
is  g iven by Eq. 2.10 as
where is  a c o n s ta n t. I f  the le n g th  o f  the  su rfa ce  la y e r  i s  w, Eq. 
A .10 becomes:
(A .11)
where t  is  tim e . As d iscussed in  S ection  2 .3 , the th ic k n e s s  o f  the 
su rface  la y e r ,  h , in  th is  i n i t i a l  spread ing  p e r io d  is  c o n s ta n t, hence:
where the e f fe c t  o f  v is c o s i t y  is  n e g le c te d . A d im ens iona l a n a ly s is  o f 
Eq. A .12 g iv e s :
(A.13)
where K8 is  a co n s ta n t. The va lue  o f K8 is  es tim ated  to  l i e  between
0.3  and 0 .4  based on the e xpe rim e n ta l re s u lts  o f  Büh le r  (1974) and 
L is e th  (1970 ), d iscussed in  S ection  2 .3 .
For long  tim e s , Koh and Fan p re d ic t  th a t  in t e r f a c ia l  shear is  the 





where ν is  the k in e m a tic  v is c o s i t y .  A d im ens iona l a n a ly s is  o f  Eq. A .14 
y ie ld s :
(A .15)
The second param eter, b1 /3 t /H ,  is  the r a t io  o f  f lo w  tim e to  the  tim e 
re q u ire d  f o r  the plume to  reach the  su rfa ce  a f te r  s ta r t in g .  Hence, a f te r  
the plume reaches the su rface  the  e f fe c t  o f th is  param eter is  lo s t .  Eq. 
A .15 then becomes:
(A .16)
Koh and Fan p re d ic t  w to  grow in  p ro p o r t io n  to  t 4/5 in  the 
shear dominated phase (Eq. 2 .1 1 ) ,  and so Eq. A .16 must have the  form :
(A .17)
where K9 is  an e xpe rim e n ta l c o n s ta n t. 
c . D e s c r ip tio n  o f Experim ents
The b a s in , d i f f u s e r ,  and e f f lu e n t  m e te ring  system described  in  
S ections 4 .2 .1  and 4 .2 .2  were used. In  a d d it io n ,  v e r t i c a l  w a lls  were 
in s ta l le d  p e rp e n d ic u la r to  the  ends o f the d i f f u s e r ,  fo rm ing  a channel 
whose ends opened in to  the  b a s in , F ig u re  A .1 . The ce n te r s e c tio n  o f the 
channel was formed by c le a r  lu c i t e  panels and a m ir ro r  in s ta l le d  a t 
app ro x im a te ly  45° to  the v e r t i c a l  enabled a h o r iz o n ta l v iew  o f  the  flo w  
to  be ob ta ined  in  the overhead photographs. F id u c ia l marks were placed
F igu re  A .1 C o n fig u ra tio n  fo r  tw o-d im ens iona l experim ents (no t to  s c a le ) .
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a t one fo o t  in te r v a ls  a long the  channel c e n te r l in e .
D i lu t io n s  were measured w ith  the same system used f o r  the th re e -  
d im ens iona l expe rim ents , S ection  4 .2 .4 ,  except th a t  the tw in  e le c tro d e  
c o n d u c t iv ity  probe shown in  F ig u re  A .2 was used. The probe was mounted 
on a te s t  c a rr ia g e  (F ig u re  4 .3 ) such th a t  tra v e rs e s  p e rp e n d ic u la r  to  
the plume a x is  cou ld  be made. The probe p o s it io n  was measured to  
± 1/10 mm by means o f a v e rn ie r  gage. Traverses were made across the  
plume beneath the su rfa ce  la y e r .  Two m inute  averages were taken a t 
each o f  n in e  p o in ts  a t a ra te  o f 10 samples p e r second.
Overhead photographs were taken a t re g u la r  in te r v a ls  d u r in g  the  
course o f  the  experim ents. The le n g th  o f the su rfa ce  la y e r  was measured 
from  each photograph, and the growth o f the la y e r  as a fu n c t io n  o f  tim e 
computed.
Experim ents were perform ed a t th re e  va lu e s  o f  the buoyancy f lu x  
pe r u n i t  le n g th , b , o f  about 2 .6 , 4 .7 ,  and 8 .0  cm3/ s 3. The d e n s ity  
d if fe re n c e  was m a in ta ined  n o m in a lly  cons tan t a t 0.025 g /c c , and the 
v a r ia t io n  in  buoyancy f lu x  was achieved by changing the  d ischarge  ra te .  
For the su rface  spread ing expe rim en ts , w a te r depths o f 4 , 8 , and 16 cm 
were used, and c o n c e n tra tio n  tra v e rs e s  a t probe h e ig h ts  o f about 4 , 8, 
and 14 cm were made. Hence, th e re  were n in e  d i lu t io n  tra v e rs e s , and 
n ine  su rfa ce  spread ing  experim ents. A summary o f the expe rim e n ta l data  
is  g iven  in  Table A.1.
d . R esu lts
F igu re  A .3 shows a photograph o f an experim ent a t a w a te r depth o f 
16 cm, and a buoyancy f lu x  o f 8 .8  cm3/ s 3. The appearance o f  the  f lo w
A -8
F igu re  A .2 C o n d u c tiv ity  probe used in  tw o-d im ens iona l experim ents.
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D e n s ity  
D iffe re n c e  
x  103
q








D2 16.30 24.6 0.104 2.55
D4 8.09 25.3 0.106 2.67
D5 8.14 26.1 0.184 4.80
D7 4.05 25.7 0.103 2.65
D8 4.04 25.5 0.181 4.61
D10 16.14 26.0 0.180 4.67
D l l 16.25 25.4 0.330 8.39
D12 8.14 25.1 0.329 8.26
D14 4.03 26.0 0.327 8.50
D16 16.0 26.0 0.339 8.81
E31 13.29 24.5 0.313 7.67
E32 13.29 24.5 0.180 4.40
E33 13.29 24.5 0.104 2.54
E41 19.36 25.5 0.280 7.13
E42 19.36 25.5 0.179 4.57
E43 19.36 25.5 0.104 2.64
E51 24.03 24.9 0.278 6.91
E52 24.03 24.9 0.182 4.53
E53 24.03 24.9 0.105 2.62
* D denotes su rfa ce  spread ing  experim ents, and E d i lu t io n  experim ents.
F igu re  A .3 Overhead photograph o f  tw o-d im ens iona l d is p e rs io n  o f a submerged l in e  source o f  buoyancy 




in  the h o r iz o n ta l v ie w  th rough the  m ir ro r  is  ve ry  s im ila r  to  the 
p o s tu la te d  f lo w  in  the  ce n te r p o r t io n  o f a d i f f u s e r ,  F igu re  2 .5 . The 
th ickn e ss  o f the su rfa ce  la y e r  is  about 30% o f the  w a te r dep th , as was 
found fo r  a l l  f lo w  ra te s  and w a te r dep ths. Hence, the va lue  o f the 
cons tan t K8 in  Eq. A .13 is  app ro x im a te ly  0 .3 .
The su rface  spread ing  re s u lts  a re  p lo t te d  in  the fo rm  o f  Eq. A .16
in  F igu re  A .4 in  a d d it io n  to  the  p re d ic t io n s ,  Eqs. A .11 and A .17. The
re s u lts  are p lo t te d  w ith  a tim e s h i f t ,  t o , w h ich was chosen to  s h i f t  the
re s u lts  f o r  sm a ll t  onto the p re d ic te d  curves. t  does n o t a f fe c t  the
re s u lts  f o r  lo n g e r tim e s . The va lues  o f the  e xpe rim e n ta l cons tan ts  
and are 0 .68 and 0 .2 7 , re s p e c t iv e ly .  The va lue  o f 0.68 fo r  K1 is  in  
c lose  agreement w ith  th a t  o f  0 .66 ob ta ined  from  Büh le r 's  experim ents 
w ith  a m u lt ip o r t  d i f f u s e r ,  d iscussed in  S ec tion  2 .3 .
The re s u lts  o f  the c o n c e n tra tio n  tra v e rs e s  are shown in  F igu re  A .5, 
p lo t te d  in  the form  o f  Eq. A .4. A lso  p lo t te d  are the r e s u lts  o f 
K o tsov inos (1975), Eq. A .9, and those o f Rouse, e t a l .  (1952), Eq. A .6.
e. D iscuss ion  and Conclusions
The a n a ly s is  o f Koh and Fan p re d ic ts  the i n i t i a l  su rfa ce  spread ing 
ra te  o f  buoyant e f f lu e n t  d ischarged from  a l in e  source to  be c o n s ta n t, 
and determ ined p r im a r i ly  by the  source buoyancy f lu x .  For lo n g e r tim e s , 
the  le n g th  o f the  su rface  la y e r  is  p re d ic te d  to  grow as the  4 /5  power 
o f tim e . The re s u lts ,  F igu re  A .4 , c o n firm  these p re d ic t io n s .  F u r th e r , 
the  r e s u lts  show c lose  agreement w ith  those o f the experim ents o f  Büh le r  
(1974) on m u lt ip o r t  d i f fu s e rs  a t w a te r depths up to  40 tim es g re a te r than 
those used in  the p resen t s tu d y . Th is  con firm s th a t  the su rface
F igu re  A .4 Surface spread ing ra te  o f buoyant e f f lu e n t  d ischarged from  a submerged l in e  source in  
tw o-d im ens iona l f lo w .
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spread ing  ra te  o f  e f f lu e n t  d ischarged  from  m u lt ip o r t  d i f fu s e r s  is  
p r im a r i ly  governed by the source buoyancy f lu x  per u n i t  le n g th  and 
th a t  i t  i s  p o s s ib le  to  reproduce these re s u lts  a t the v e ry  sm a ll sca le  
o f  the  p resen t experim ents.
Norm alized c o n c e n tra tio n s  measured in  h o r iz o n ta l tra v e rs e s  across 
the plume are shown in  F ig u re  A .5. The da ta  show a s c a t te r  o f  about 
± 20% from  the re s u lts  o f  the  la rg e r  sca le  experim ents o f  Rouse, e t a l .  
(1952), and Ko tsov inos (1975). P a rt o f  the  s c a t te r  is  p roba b ly  due to  
the d i f f i c u l t y  in  a ch ie v in g  a com p le te ly  s tagnan t am bient f l u i d .  Small 
c ir c u la t io n s  in  the  b as in  occurred  which a ffe c te d  the  plume due to  the 
low  buoyancy f lu x e s  used. O ther sources o f e xpe rim e n ta l e r ro r  may e x is t .  
These were no t in v e s t ig a te d  as i t  was n o t the purpose o f these e x p e r i­
ments to  make ve ry  c a re fu l measurements. I t  is  concluded th a t  the  source 
produces a good app rox im a tion  to  a l in e  plume w ith  d i lu t io n s  which are 
w ith in  ± 20% o f those ob ta ined  from  la rg e r  sca le  s tu d ie s .
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APPENDIX B
DILUTION PREDICTION FOR A MULTIPORT DIFFUSER 
IN STAGNANT, UNIFORM FLUID
This  Appendix c o n s is ts  o f S ections I I I - 1 and I I I - 2  o f :
R oberts , P. J . W. (1975), "The D if fu s io n  o f Buoyant E f f lu e n t  
from  O u t fa l l  D if fu s e rs  o f F in i t e  Length -  Progress R e p o rt,"  Tech. 
Memo. 75-1, W. M. Keck L a b o ra to ry  o f H yd ra u lic s  and Water Resources, 
C a li fo rn ia  I n s t i t u t e  o f  Technology.
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I I I .  SUMMARY OF PREVIOUS WORK
I I I - 1 . In tro d u c t io n
The b a s ic  hypo the s is  o f th is  s tudy is  th a t  fo r  e s tim a tio n  
o f d i lu t io n  and s iz e  o f  the su rfa ce  waste f i e l d ,  many d i f fu s e r s  can be 
rep laced  by an e q u iv a le n t source o f buoyancy f lu x  o n ly . A means fo r  
e s tim a tin g  the degree o f th is  app rox im a tion  in  any p a r t ic u la r  in s ta n ce  
is  g iven  below . In  S ec tion  I I I - 3  the  re s u lts  o f  expe rim e n ta l s tu d ie s  on 
l in e  buoyant je ts  and d if fu s e rs  in  a f lo w in g  f lu i d  are d iscussed .
I I I - 2 .  P re d ic t io n  o f d i lu t io n  above a m u lt ip o r t  d i f f u s e r  
in  a s ta g n a n t, u n ifo rm  f lu i d
The d i f fu s e r  i l lu s t r a t e d  in  F ig u re  1 c o n s is ts  o f  a p ipe  w ith  
c i r c u la r  p o rts  a long each s id e  through which the e f f lu e n t  escapes. The 
fo llo w in g  a n a ly s is  is  de rive d  p r in c ip a l ly  fo r  th is  type o f  d i f fu s e r  
a lthough  i t  can a lso  be a p p lie d  to  o th e rs  in  which the e f f lu e n t  is  d is ­
charged as h o r iz o n ta l round buoyant je t s ,  e .g . th rough r is e r s .
Near the p o in t  o f  d isch a rg e , the  e f f lu e n t  behaves as i f  i t  were 
an u n re s tr ic te d  h o r iz o n ta l round buoyant j e t ,  and the minimum d i lu t io n  
can be p re d ic te d  from  a c o n s id e ra tio n  o f th is  type o f f lo w . A t some 
p o in t above the d i f fu s e r  the je ts  beg in  to  merge. The c e n te r lin e  d i lu t io n  
is  then reduced below what would be expected fo r  in d iv id u a l je t s ,  and 
the f lo w  approaches th a t  which would be produced by a tw o-d im ens iona l 
plume. The fo llo w in g  a n a ly s is  p rov id es  a means o f  p re d ic t in g  the minimum 
d i lu t io n  a t any p o in t above a d i f fu s e r  in  a s ta g n a n t, u n ifo rm  environm ent. 
Th is d i lu t io n  can then be compared w ith  th a t  p re d ic te d  by assuming the 
d i f fu s e r  is  rep laced  by i t s  e q u iv a le n t source o f buoyancy f lu x  o n ly .
Thus the degree o f  the app rox im a tion  in v o lv e d  in  making th is  assumption 
can be assessed.
F i r s t  cons ide r the h o r iz o n ta l round buoyant j e t  in  a s ta g n a n t, 
u n ifo rm  f lu i d  o f i n f i n i t e  e x te n t, as shown in  F igu re  3. By making use o f 
the Boussinesq assum ption, i . e . ,  th a t  changes in  d e n s ity  are sm a ll compared 




An e f fe c t iv e  d e n s im e tric  Froude number o f the  j e t  w hich accounts fo r  
the in c rea se  in  momentum f lu x  due to  the  vena c o n tra c ta  is  d e fin e d  as:




A c h a r a c te r is t ic  le n g th  sca le  Λ which g ives the le n g th  over which 
the i n i t i a l  momentum f lu x  is  im p o rta n t compared to  the buoyancy f lu x  is  
g iven  by:
(21)
D im ensional a n a ly s is  o f  E quation  12 then g iv e s :
(22)
volume f lu x , (13)
momentum f lu x , (14)
buoyancy f lu x , (15)
d iam ete r o f  the j e t  a t the 
vena c o n tra c ta , (16)
c o e f f ic ie n t  o f  c o n tra c t io n ,
and mean j e t  v e lo c it y  a t the 
vena c o n tra c ta . (17)
where the  usua l d e f in i t io n  o f the 
d e n s im e tr ic  Froude number.
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F igu re  3. A h o r iz o n ta l,  round buoyant j e t  in to  a s tagnan t, u n ifo rm  f lu i d .
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By com bining Equations 9, and 14 th rough  22, in v e r t in g  the le f t -h a n d  
s id e  o f the r e s u lt  and e lim in a t in g  c o n s ta n ts , we o b ta in :
where Sm is  the  minimum d i lu t io n  a t a d is ta n c e  
F in a l ly ,  by use o f Equations 16 and 19 i t
(23)
y above the j e t  e x i t . 
can be shown th a t
and
(24)
Far above the je t  e x i t ,  the f lo w  behaves l i k e  a plume and the o n ly  
govern ing  param eters are  Bo , y , and r ,  the r a d ia l  d is ta n c e  from  the 
c e n te r l in e .  The minimum d i lu t io n  occurs on the c e n te r l in e ,  so pu t 
g ' = g'm a t r  = 0, to  o b ta in :
(25)
from  which a d im ens iona l a n a ly s is  g iv e s :
(26)
where is  a c o n s ta n t. By s u b s t itu t in g  Equations 9, 15, and 18 in to  




To o b ta in  the  minimum d i lu t io n ,  pu t r  = 0 and d iv id e  by ρr , o b ta in in g :
(30)
The minimum d i lu t io n  is  then g iven  by:
(31)
On s u b s t itu t in g  the exp ress ion  fo r  and from  Equations 15 and 18, 
E quation  31 becomes
(32)
Equation 32, the asym p to tic  s o lu t io n  to  Equation 23, is  a lso  p lo t te d  in  
F igu re  4.
Equation 27 is  the asym p to tic  s o lu t io n  to  E quation  23 as y → ∞ .
Experim ents in  w hich the c e n te r l in e  d i lu t io n  has been measured have 
been perform ed by C ederw all (1967), Hansen and Schroder (1968 ), and 
L is e th  (1970). T h e o re tic a l s tu d ie s , which w i l l  n o t be d iscussed in  d e ta i l  
he re , have been made by Cederwall (1967), Abraham (1965), Fan and Brooks 
(1969), and Anwar (1972). A l l  o f these re s u lts  are p lo t te d  in  F ig u re  4. 
Hansen and Schroder, and L is e th  used sharp-edged o r i f ic e s ,  and the  data 
in  F igu re  4 have been p lo t te d  assuming Cc = 0 .62 .
The va lue  o f the cons tan t C2 in  E quation 27 can be es tim a ted  from 
the experim ents o f Rouse, Y ih  and Humphreys (1952). They measured 
tem pera ture  and v e lo c it y  p r o f i le s  in  the r a d ia l ly  sym metric plume above 
a p o in t  heat source (a c ig a r e t te ) ,  and expressed t h e ir  re s u lts  as:
(29)
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F igu re  4. C e n te r lin e  d i lu t io n  o f a h o r iz o n ta l,  round buoyant j e t  in  a 
s tagnan t, u n ifo rm  f lu id .
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F igu re  4 shows th a t  th e re  is  good agreement between the  re s u lts  o f
the d i f f e r e n t  experim ents. For (y/De ) /F e le ss  than about 2 the th e o r ie s
o f  Abraham and Cederw all appear to  describ e  the da ta  b e s t. For la rg e r  
va lues o f (y /D e) /F e , which are more ty p ic a l  o f o u t f a l l s ,  th e re  is  l i t t l e  
d if fe re n c e  between the p re d ic t io n s ,  a lthough  the th e o ry  o f  Fan and 
Brooks appears to  be b e s t.
The p re d ic t io n s  o f Fan and Brooks (Brooks 1975), when re p lo t te d  in  
the form  o f E quation 23, c o lla p s e  to  a s in g le  curve fo r  Fe > 8. T h e re fo re , 
as o u t f a l ls  are g e n e ra lly  designed such th a t  Fe > 10, we can conclude 
th a t  the i n i t i a l  volume f lu x  is  n e g lig ib le  fo r  these cases, and th a t  
the minimum d i lu t io n  can be expressed a s :
where the  form  o f Equation 33 is  shown in  F igu re  4.
We can now extend th is  argument to  m u lt ip o r t  d i f f u s e r s ,  and w r i te  
the minimum d i lu t io n  im m ed ia te ly , by n e g le c tin g  the p o r t  c o n f ig u ra tio n s  
and p ipe  d iam e te r, as:
Here, ℓ  = the p o r t  spacing o f  the d i f fu s e r  (2 ℓ  is  the spacing on each 
s id e , see F igu re  1 ) .
Far above the source , as fo r  the case o f the in d iv id u a l round 
buoyant j e t ,  the f lo w  behaves l i k e  a plume, in  th is  case from  a l in e  
source. The o n ly  param eters w hich determ ine the minimum c e n te r lin e  
d i lu t io n  are now y , the h e ig h t above the  source, and b , the buoyancy 




D im ensional a n a ly s is  g iv e s :
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(36)
where is  a c o n s ta n t. The minimum d i lu t io n  is  g iven  by:
(37)
The buoyancy f lu x ,  b , per u n i t  le n g th  from  a d i f f u s e r  w ith  e i th e r  
staggered o r opposed p o r ts  is  g iven  by:
On com bining Equations 39, 37, 20, and 19, we o b ta in :
(39)
(40)
where the r e s u lt  is  w r i t t e n  in  th is  way to  agree w ith  the form  o f
E quation  3 4 . E quation  40 is  the asym p to tic  s o lu t io n  to  Equation 34 as
y / ℓ  and (y/De)/Fe bo th  tend to  i n f i n i t y .
An a l te r n a t iv e  way o f  w r i t in g  E quation 40 by us ing  Equations 38 
and 37 is :
(41)
The va lue  o f the cons tan t can be es tim ated  from  the re s u lts  o f  a 
number o f expe rim e n ta l s tu d ie s . Rouse, Y ih  and Humphreys (1952) s tu d ie d  
the convec tion  above a l in e  b u rn e r, and measured v e lo c it y  and tem pera ture 




Comparison o f Equations 36 and 43 g ives  C3 = 2 .6 .
Experim ents have a lso  been perform ed by Lee and Emmons (1961 ), who 
measured tem pera tures above a l in e  f i r e ;  they a lso  found the  v a lu e  o f 
to  be 2 .6 .
R e cen tly , however, experim ents have been perform ed by K o tsov inos 
(1975). He measured the  v e lo c i t y  w ith  a la s e r  D oppler v e lo c im e te r and 
tem pera ture  by fa s t  response th e rm is to rs  above a tw o-d im ens iona l heated 
w a te r j e t .  K o tsov inos v a r ie d  the  source param eters o f  the  j e t  to  cover 
f lo w  c o n d it io n s  rang ing  from  a pure j e t  to  a pure plume. He expressed 
h is  d i lu t io n  measurements in  terms o f  lo c a l c o n d it io n s  to  account f o r  the 
v a r ia b i l i t y  o f the the rm a l expansion o f w a te r w ith  tem pera tu re . Kotsovinos 
found the mean va lue  o f to  be 2.37 fo r  a pure plume, a lthough  h is  
va lues ranged between 1.99 and 3.05 w ith  a standard  d e v ia t io n  o f 0 .20 .
As K o tso v in o s ' experim ents appear to  be the most accu ra te  and r e l ia b le ,  
we s h a l l  assume h is  va lue  o f C3 = 2 .37 , w ith  an es tim ated  u n c e r ta in ty  o f 
10%. E quation 40 then becomes:
and E quation 41 becomes
(44)
(45)
Experim ents on m erging buoyant je t s  from  which the form  o f  Equation 
34 can be determ ined have been perform ed by L is e th  (1970). He used a 
model m a n ifo ld  o f  1.9 inches d iam ete r w ith  staggered p o r ts  o f  3/16 in ch  
d iam e te r, whose spacing was v a r ie d  from  7.5 cm to  0.83 cm. The model 
d i f fu s e r  was f i t t e d  across the  w id th  o f a flum e 8 fe e t  w ide , 5 fe e t  deep
(43)
where x is  the  h o r iz o n ta l d is ta n c e  from  the plume c e n te r l in e .  For the 
c e n te r lin e  c o n c e n tra tio n , p u t x = 0 to  o b ta in :
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and 180 fe e t  lo n g . The m a n ifo ld  was a t the w a ter su rfa ce  and a heavy 
s a l t  s o lu t io n  was d ischa rged , which f e l l  downwards. D i lu t io n s  in  the 
plume were measured by means o f  a f lu o re s c e n t dye t ra c e r  whose concen tra ­
t io n  in  w ithdraw n samples was measured w ith  a f lu o ro m e te r . L is e th 's  data
are shown p lo t te d  in  the  form  o f contours o f  cons tan t va lues  o f  Sm/Fe in
F igu re  5. The data are p lo t te d  from  the smooth curves drawn by L is e th  
th rough h is  da ta  w ith  the a d d it io n a l assum ption th a t  Cc = 0 .62 . The 
asym p to tic  plume s o lu t io n ,  E quation 44, is  a lso  p lo t te d  in  F igu re  5.
P re d ic t io n s  o f the  d i lu t io n  in  m erging round buoyant je t s  have 
been made by Koh (1971). Koh used the in te g r a l approach assuming a 
cons tan t en tra inm en t c o e f f ic ie n t  and Gaussian p r o f i le s .  The je t s  are 
tre a te d  as in d iv id u a l round buoyant je t s  u n t i l  a t r a n s i t io n  p o in t  is  
reached. A t th a t  p o in t ,  the  round j e t  s o lu t io n  is  matched to  the s lo t  
j e t  s o lu t io n  by m atching mass, momentum and buoyancy f lu x e s .  Two 
t r a n s i t io n  c r i t e r i a  were used, 1) where the  j e t  w id th  equals the j e t  
spac ing , and 2) where the en tra inm en ts  fo r  round and s lo t  je t s  become 
equa l. The two c r i t e r i a  gave p r a c t ic a l ly  id e n t ic a l  r e s u lts .  For 
staggered p o r ts ,  the je t s  a re  t re a te d  s e p a ra te ly  u n t i l  t h e i r  boundaries 
merge, then a s in g le  tw o-d im ens iona l j e t  is  assumed. For o p p o s ite  p o r ts ,  
a re g io n  is  a llo w e d , i f  necessary, fo r  p a irs  o f  two opposing je t s  to  form 
s in g le  round je t s  w hich la t e r  merge to  tw o-d im ens iona l je t s .  This 
c o n d it io n  may occur fo r  w ide ly -spaced  je t s .  Koh's  s o lu t io n s  fo r  
staggered p o r ts  are shown in  F ig u re  5. S im ila r  re s u lts  a re  presented 
by S h ira z i and Davis (1972).
As can be seen from  F igu re  5, the re  is  e x c e lle n t  agreement between 
Koh's th e o r e t ic a l and L is e th 's  e xp e rim e n ta l r e s u lts .  Koh's  r e s u lts  g ive  
v i r t u a l l y  id e n t ic a l  r e s u lts  fo r  staggered and opposing p o r t  c o n fig u ra ­
t io n s  and, a ltho ugh  th e re  is  no d i r e c t  e xpe rim e n ta l v e r i f ic a t io n  o f  t h is ,  
i t  is  p robab le  th a t  the p o r t  arrangement is  no t im p o rta n t.
The reason fo r  p lo t t in g  the data as shown in  F igu re  5 is  th a t  the 
t r a n s i t io n  o f the  e f f lu e n t  f lo w  from  th re e -d im e n s io n a l round buoyant 
je t s  to  a tw o -d im ens iona l plume can re a d i ly  be seen by moving upwards on 
a 45° l in e  ( i . e . , in c re a s in g  y w ith  o th e r v a r ia b le s  f ix e d ) .  As can be
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F igu re  5. Contours o f cons tan t va lues  o f minimum d i lu t io n  fo r  m erg ing, round
buoyant je t s  above a m u lt ip o r t  d i f f u s e r  in to  u n ifo rm , s tagnan t w a te r.
seen from  the f ig u r e ,  th e re  is  l i t t l e  m erg ing o f  the je t s  f o r  y / ℓ  < 5, 
b u t as y in c rea ses  fu r th e r ,  m erg ing causes a ra p id  decrease o f  d i lu t io n  
compared to  the u n re s t r ic te d  round j e t  as the tw o -d im en s iona l plume is  
approached.
F ig u re  5 can now be used to  e s tim a te  the minimum d i lu t io n  above a 
m u lt ip o r t  d i f f u s e r  in  a s ta g n a n t, u n s t r a t i f ie d  f l u i d .  I t  can a lso  be 
used to  assess the  degree to  w h ich the tw o -d im en s iona l plume is  
approached a t any h e ig h t y . T h is  is  done by m arking the  o p e ra tin g  
p o in t  o f  the  d i f f u s e r  on the  f ig u r e  and obse rv ing  how c lo s e ly  i t  l i e s  




DERIVATION OF DILUTION EXPRESSIONS
Consider an e lem en ta l volume, V, c o n s is t in g  o f a m ix tu re  o f 
volume Vo o f e f f lu e n t  and o f  Vr re c e iv in g  w a te r. The d i lu t io n ,  S, is  
de fin e d  as:
(C1)
C onserva tion  o f  mass s ta te s  th a t :
(C2)
where ρ, ρo , and ρr are the mass d e n s it ie s  o f the m ix tu re , e f f lu e n t ,  
and re c e iv in g  water, re s p e c t iv e ly .  Suppose th a t  these th re e  components 
c o n ta in  a spec ies , fo r  example s a l t ,  o f  c o n c e n tra tio n s  c , co , and cr  
and the  d e n s ity  o f each volume over the  range o f co n c e n tra tio n s  
considered is  l in e a r ly  p ro p o r t io n a l to  the  species c o n c e n tra t io n , th a t  
i s :
(C3)





S u b s t itu t io n  o f Eq. C6 in to  C2 y ie ld s :
hence
(C7)
Now, Eq. C1 can be w r i t te n :
(C8)
and, on s u b s t itu t io n  o f Eq. C7, Eq. C8 becomes:
S u b s t itu t in g  Eq. C3 in to  C2 and d iv id in g  th rough  by a5 y ie ld s :
S u b tra c tio n  o f  Eq. C4 from  C5 and d iv is io n  o f the  r e s u l t  by a4/a5 g iv e s :
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(C9)
A s im ila r  m a n ip u la tio n  o f  Eqs. C1 , C4, and C6 y ie ld s :
(C10)
I f  the  d e n s ity  d if fe re n c e s  are due to  v a r ia t io n s  in  tem pera ture  
and i f ,  over a l im ite d  tem pera ture  range:
where Tr , To , and T are  the  tem pera tures o f the re c e iv in g  w a te r, e f f lu e n t ,  
and m ix tu re , re s p e c t iv e ly .  Eq. C12, in  com bination  w ith  Eqs. C l and C6, 




where T is  the  f lu i d  tem pera ture  and φ and σ a re  co n s ta n ts , then 
a p p lic a t io n  o f  the  f i r s t  law  o f  thermodynamics to  the  m ix tu re , assuming 
a cons tan t s p e c if ic  h e a t, y ie ld s :

